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Abstract
In this paper we introduce recursion functions
Fi(x1 ; x2)1; : : : ; s (s>0);
Th(x1 ; x2 ; x3)i 1; : : : ; 2s (i = 1; 2; 3; s>0);
Ro(x1 ; x2 ; x3)i 1; : : : ; s (i = 1; 2; 3; s>0)
of the word variables x1; x2; x3, natural number variables k and variables k , whose values are
nite sequences of natural number variables. By means of these functions we give expressions
for the family of solutions of the parametric equation
x1x

2x3x4 = x3x

1x2x5;
where x1; x2; x3; x4; x5 are word variables, and ;  are natural number variables, in a free monoid.
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1. Introduction
In 1960 Lyndon [6, 7] considered equations with one unknown in a free group and
proved that the family of solutions of such equation can be represented by a nite
number of parametric words. In 1967, Khmelevskii [2] considered equations with three
unknowns in a free monoid and proved that the family of solutions of such equation
can be represented by a nite number of parametric words. For a short time one
 Corresponding author.
E-mail address: makanin@log.mian.su (G.S. Makanin).
0304-3975/00/$ - see front matter c© 2000 Published by Elsevier Science B.V. All rights reserved.
PII: S0304 -3975(00)00004 -9
404 G.S. Makanin, T.A. Makanina / Theoretical Computer Science 242 (2000) 403{475
believed that the solutions of all equations in a free group and a free monoid can be
parametrizable. However, in 1971, Khmelevskii [3] points out that the solutions of the
Markov’s equation x1x3x2 = x2x4x1 with four unknowns in a free monoid cannot be
parametrizable by a nite number of parametric words.
Parametrization of solutions by Lyndon{Kmelevskii (now called primitive parametri-
zation) use variables of two kinds: word variables and natural number variables. We
suppose that the idea of parametrization of the solutions of the equations in a free
group and a free monoid can be saved if we admit an additional kind of variables,
namely, variables, whose values are the nite sequences of natural number variables.
In this work, we intend to demonstrate the possibilities of the parametrization of the
solutions of the equations in a free monoid by means of parametrizing functions of
variables of the mentioned three kinds on some carefully chosen example of equation
in a free monoid. This equation is parametric equation and \contains" many known
dicult equations.
We introduce recursion functions Fi(x1 ; x2)1; : : : ; s; Th(x1 ; x2 ; x3)i 1; : : : ; 2s;
Ro(x1 ; x2 ; x3)i 1; : : : ; s, where s>0; i=1; 2; 3, of the word variables x1; x2; x3, natural
number variables k and variables k , whose values are the nite sequences of natural
number variables. We consider here the equation x1x2x3x4 = x3x

1x2x5, where x1; x2; x3;
x4; x5 are word variables, and ;  are natural number variables in a free monoid.
We shall give concrete expression from parametric words and functions Fi, Th, Ro,
which parametrize the family of solutions of parametric equation x1x2x3x4 = x3x

1x2x5
in a free monoid.
We are sure, that for any n there exists a nite number of recursive functions which
suce for describing the set of all solutions of all equations with n unknowns.
2. Denitions and notations
Let  be a free monoid (a free semigroup with unit) with a countable alphabet of
generators
a1; a2; : : : ; ak ; : : : (1)
Let
x1; x2; : : : ; xn; : : : (2)
be a countable alphabet of word variables.
Let
1; 2; : : : ; t ; : : : (3)
be a countable alphabet of natural number variables (called also natural parameters).
Let
1; 2; : : : ; u; : : : (4)
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be a countable alphabet of variables (called second parameters) whose values are nite
sequences of natural parameters.
Let
1; 2; : : : ; v; : : : (5)
be a countable alphabet of variables whose values are nite sequences of second pa-
rameters.
Dene inductively a primitive parametric word as follows: Any word on the alphabet
(2) is a primitive parametric word. If P is a primitive parametric word,  is a natural
parameter; then (P) is a primitive parametric word. If P and Q are two primitive
parametric words, then PQ is a primitive parametric word.
We denote by L the set of linear polynomials of the form k0 +
Pr
i= 1 kii, where
r; k0; k1; : : : ; kr are natural numbers, and 1; : : : ; r are natural parameters.
A primitive parametric transformation is dened by the application
xi ! Wi(x1; : : : ; xn; 1; : : : ; q) (i=1; : : : ; n)
i ! Li(1; : : : ; q) (i=1; : : : ; q)
where every Wi is a primitive parametric word, and Li 2L. The components of the
form xi ! xi and i ! i are often omitted.
Dene inductively a parametric word (transformation). Any primitive parametric
word (transformation) is a parametric word (transformation).
Dene inductively the function Fi(x1 ; x2)1; : : : ; s for s>0; x1 and x2 are two word
variables, and 1; : : : ; s are natural parameters:
Fi(x1 ; x2) = 1;
Fi(x1 ; x2)1; 2; : : : ; s=(Fi(x2 ; x1)2; : : : ; s x2 )1Fi(x1 ; x2)3; : : : ; s (s>1):
In particular,
Fi(x1 ; x2)1 = (x2)1;
Fi(x1 ; x2)1; 2 = ((x1)2 x2 )1;
Fi(x1 ; x2)1; 2; 3 = (((x2)3 x1 )2 x2 )1 (x2)3;
Fi(x1 ; x2)1; 2; 3; 4 = ((((x1)4 x2 )3 x1 )2 (x1)4 x2 )1((x1)4 x2 )3:
Dene inductively the auxiliary function Vt(x1 ; x2)1 + 1; : : : ; s + 1 for s>1; x1 and
x2 are two word variables, and 1; : : : ; s are natural parameters:
Vt(x1 ; x2)1 + 1=1;
Vt(x1 ; x2)1 + 1; 2 + 1=Fi(x1 ; x2)1; 2 + 1;
Vt(x1 ; x2)1 + 1; 2 + 1; : : : ; s + 1
=Vt(x1 ; x2)2 + 1; : : : ; s + 1x2Fi(x1 ; x2)1; 2 + 1; : : : ; s + 1 (s>3):
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The empty sequence is denoted by ;. Let  be a variable whose values are nite
sequences of natural parameters. The variable j is connected with a variable  as
follows: If = 1; 2; : : : ; s, where s>1, then j= 2; : : : ; s. If = ;, then j= ;.
A transformation is dened by the application
x1 ! Fi(x1 P; x2Q)x1 ;
x2 ! Fi(x2Q; x1P)jx2 ;
where P;Q are parametric words on the alphabet x3; : : : ; xn;  is a variable whose
values are nite sequences of natural parameters, and the transformation is a parametric
transformation (denoted by the function Fi).
Dene by a joint induction the functions Th(x1 ; x2 ; x3)11; 2; : : : ; 2s; Th(x1 ; x2 ; x3)21; 2;
: : : ; 2s; Th(x1 ; x2 ; x3)31; 2; : : : ; 2s for s>0; x1; x2; x3 are three word variables, and 1; 2;
: : : ; 2s are natural parameters.
Th(x1 ; x2 ; x3)i =1 (i=1; 2; 3);
Th(x1 ; x2 ; x3)11; 2; : : : ; 2s
=(Th(x1 ; x2 ; x3)31; 2; : : : ; 2s x3 )1Th(x1 ; x2 ; x3)13; : : : ; 2s;
Th(x1 ; x2 ; x3)21; 2; : : : ; 2s
=(Th(x1 ; x2 ; x3)23; : : : ; 2s x2Th(x1 ; x2 ; x3)33; : : : ; 2s x3
Th(x1 ; x2 ; x3)13; : : : ; 2s x1Th(x1 ; x2 ; x3)11; 2 : : : ; 2s x1 )2Th(x1 ; x2 ; x3)23; : : : ; 2s;
Th(x1 ; x2 ; x3)31; 2 : : : ; 2s
=Th(x1 ; x2 ; x3)13; : : : ; 2s x1Th(x1 ; x2 ; x3)23 : : : ; 2s x2Th(x1 ; x2 ; x3)33; : : : ; 2s:
Dene inductively the auxiliary function Oc(x1 ; x2 ; x3)1; 2; : : : ; 2s for s>0; x1; x2; x3
are three word variables, and 1; 2; : : : ; 2s are natural parameters
Oc(x1 ; x2 ; x3) = 1;
Oc(x1 ; x2 ; x3)1; 2; : : : ; 2s
=Oc(x1 ; x2 ; x3)3; : : : ; 2s(Th(x1 ; x2 ; x3)33; : : : ; 2s x3
Th(x1 ; x2 ; x3)13; : : : ; 2s x1Th(x1 ; x2 ; x3)23; : : : ; 2sx2 )1:
A transformation is dened by the application
xi ! Th(x1 ; x2 ; x3)i xi ; i=1; 2; 3;
x4 ! x4Oc(x1 ; x2 ; x3)
where  is a variable whose values are even sequences of natural parameters and the
transformation is a parametric transformation (denoted by the function Th).
Dene joint inductively the functions Ro(x1 ; x2 ; x3)11; : : : ; t ;Ro(x1 ; x2 ; x3)21; : : : ; t ;
Ro(x1 ; x2 ; x3)31; : : : ; t for t>0; x1; x2; x3 are three word variables, and 1; : : : ; t are
variables whose values are nite sequences of natural parameters.
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Ro(x1 ; x2 ; x3)i =1 (i=1; 2; 3);
Ro(x1 ; x2 ; x3)11; : : : ; t
=Fi(Ro(x2 ; x1 ; x3)32; : : : ; tx3Ro(x2 ; x1 ; x3)12; : : : ; tx2 ;
Ro(x2 ; x1 ; x3)22; : : : ; tx1Ro(x2 ; x1 ; x3)32; : : : ; tx3
Ro(x2 ; x1 ; x3)12; : : : ; tx2 (Ro(x1 ; x2 ; x3)31; : : : ; tx3 )
2)1
Ro(x2 ; x1 ; x3)32; : : : ; tx3Ro(x2 ; x1 ; x3)12; : : : ; tx2
Ro(x2 ; x1 ; x3)22; : : : ; t
Ro(x1 ; x2 ; x3)21; : : : ; t
=Fi(Ro(x2 ; x1 ; x3)32; : : : ; tx3Ro(x2 ; x1 ; x3)12; : : : ; tx2
(Ro(x1 ; x2 ; x3)31; : : : ; tx3 )
2);Ro(x2 ; x1 ; x3)32; : : : ; tx3
Ro(x2 ; x1 ; x3)12; : : : ; tx2Ro(x2 ; x1 ; x3)22; : : : ; tx1 )1j
Ro(x2 ; x1 ; x3)32; : : : ; tx3Ro(x2 ; x1 ; x3)22; : : : ; t ;
Ro(x1 ; x2 ; x3)31; : : : ; t
=Ro(x2 ; x1 ; x3)22; : : : ; tx1Ro(x2 ; x1 ; x3)32; : : : ; t :
Dene inductively the auxiliary function Re(x1 ; x2 ; x3)1; : : : ; t for t>0; x1; x2; x3 are
three word variables, and 1; : : : ; t are variables for sequences natural parameters.
Re(x1 ; x2 ; x3) = 1;
Re(x1 ; x2 ; x3)1; : : : ; t =Re(x2 ; x1 ; x3)2; : : : ; tRo(x2 ; x1 ; x3)22; : : : ; t x1 :
A transformation is dened by the application

xi!Ro(x1 ; x2 ; x3)i xi ; i=1; 2; 3
x4! x4Re(x1 ; x2 ; x3);
where  is a variable whose values are nite sequences of second parameters, and the
transformation is a parametric transformation (denoted by the function Ro).
A composition of parametric transformations is a parametric transformation. Any
right side of parametric transformation is a parametric work.
A coecient transformation is dened by the application:
xi!Xi (i=1; : : : ; n);
i!i (i=1; : : : ; t);
i!Mi (i=1; : : : ; u);
i!Ni (i=1; : : : ; r);
(6)
where every Xi is word on the alphabet (1), every i is natural number, every Mi is
nite sequence of (1; : : : ; t), and every Ni is nite sequence of (1; : : : ; u).
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A coecient transformation
xi!Xi (i=1; : : : ; n);
i!i (i=1; : : : ; l);
i!Mi (i=1; : : : ; m);
i!Ni (i=1; : : : ; p)
is called an extension of the coecient transformation (6), if l>t; m>u; p>r.
A parametric equation in a free monoid is given by an equality of parametric words
(x1; : : : ; xn; 1; : : : ; t)=	(x1; : : : ; xn; 1; : : : ; t): (7)
If  and 	 are empty words, Eq. (7) is called the trivial equation, denoted by 1.
A parametric transformation (a coecient transformation) is called a parametric
solution (a solution) of Eq. (7) if the result of the application of this transformation
to Eq. (7) is the trivial equation.
We will say that the parametric transformation T contains the coecient transfor-
mation C by means of the auxiliary transformation I , if TI =C:
A nite list of parametric solutions of the equation E will be called a general solution
of E, if every solution of E is contained in some parametric solution of this list. The
general solution of E will be denoted hEi.
The length of a word A in the alphabet (1) is denoted jAj. The empty word is
denoted 1. The length of a nite sequence B is denoted jBj.
A condition on natural parameters has the form
L1(1; : : : ; q)<;6; =L2(1; : : : ; q); (8)
where L1; L2 are integer polynomials. A coecient transformation (6) is called a solu-
tion of the equation E with a condition (8) on natural parameters, if (6) is a solution
of E that satises
L1(1; : : : ; q)<;6; =L2(1; : : : ; q):
A condition on the length of a solution has the form
0; @(P(x1; : : : ; xn; 1; : : : ; q))<;6; = @(Q(x1; : : : ; xn; 1; : : : ; q)); (9)
where P;Q are two primitive parametric words. A coecient transformation (6) is
called a solution of the equation E with a condition (9) on the lengths of solutions, if
(6) is a solution of E that satises
0; jP(X1; : : : ; Xn; 1; : : : ; q)j<;6; = jQ(X1; : : : ; Xn; 1; : : : ; q)j:
A condition on the length of a sequence of variables has the form
L1(1; : : : ; q)= @(i) (10)
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where L2L, and  is a second parameter. A coecient transformation (6) is called a
solution of the equation E with the condition (10) on the length of sequences, if (6)
is a solution of E that satises
L1(1; : : : ; q)= jMij:
A parametric transformation T is called a parametric solution of the equation E
with a condition R, if T is a parametric solution of E and the result of the application
of T to R is a true proposition for any values of the variables.
Let E be an equation with conditions and let R1; : : : ; Rm be the list of new conditions.
By (E; Ri) we denote the equation E with additional condition Ri. The equation E is
said to be divided into a collection of equations (E; R1); : : : ; (E; Rm), if every solution
S of E is a solution of some. An equation (E; R1) contains an equation (E; R2) (denote
(E; R1)(E; R2)), if every solution of (E; R2) is the solution of (E; R1).
We say that the equation E1 is reduced by the parametric transformation T to the
equation E2, if E1T =E02, where E
0
2E2, and for every solution S1 of the equation E1
there exists a solution S2 of the equation E2 such that S1 =TS2 for some extension S2
of S2. We say that S2 is the image of S1 via the transformation T . The need of the
extension S2 is justied by the fact that T could have some variables that are not in
E2.
Let E1 be reduced by T to E2. Let S1 be a solution of E1 and S2 its image via T .
If the parametric solution Q2 of E2 contains a solution S2 of E2, then the parametric
solution TQ2 of E1 contains the solution S1 of E1.
Let the equation E1 be reduced by the parametric transformation T to the equa-
tion E2. If the general solution hE2i of E2 is Q1; : : : ; Qr , then the general solution hE1i
of E1 is TQ1; : : : ; TQr .
Let the equation E be divided into a collection of equations with conditions (E; R1);
: : : ; (E; Rm). If the general solution h(E; Ri)i of (E; Ri) is Qi;1; : : : ; Qi; ri (i=1; : : : ; m),
then the general solution hEi of E is Q1;1; : : : ; Q1; r1 ; : : : ; Qm;1; : : : ; Qm; rm .
Let
K(1; : : : ; q)<;6; =M(1; : : : ; q) (=1; : : : ; t); (11)
where K;M 2L is a system of linear Diophantine equations and inequations. A trans-
formation
i!Li; Li 2L (i=1; : : : ; q)
is called a parametric solution of the system (11), if
K(L1; : : : ; Lq)<;6; =M(L1; : : : ; Lq) (=1; : : : ; t)
for any values of variables. The family of solutions of the system (11) is described
by nite list of parametric solutions (see [8]).
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3. Preliminaries
The following 26 propositions for the most part belong to folklore (see, for example,
[1, 3{5, 9]).
Proposition 1. The general solution of the equation
x1x2 = x2x1 1
is described by the transformations(
x1! x1
x2! x1
where ;  are natural parameters.
Proposition 2. The general solution of the equation
x21x
2
2 = x
2
3 2
is described by the transformations8><
>:
x1! x1
x2! x1
x3! x+1
where ;  are natural parameters.
Proposition 3. The general solution of the equation
x1x3 = x2x1 3
is described by the transformations8<
:
x1! x1
x2! 1
x3! 1
8<
:
x1! (x1x2)x1
x2! x1x2
x3! x2x1
where  is a natural parameter.
Proposition 4. The general solution of the equation
x1x2x3 = x3x1x2 4
is described by the transformations8<
:
x1! 1
x2! 1
x3! x3
8<
:
x1! (x1x2)x1
x2! (x2x1)x2
x3! (x1x2)
where ; ;  are natural parameters.
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Proposition 5. The general solution of the equation
x1x2x3 = x3x2x1 5
is described by the transformations8<
:
x1! 1
x2! 1
x3! x3
8<
:
x1! x1
x2! 1
x3! 1
8<
:
x1! (x1x2)x1
x2! x2(x1x2)
x3! (x1x2)x1
where ; ;  are natural parameters.
Proposition 6. The general solution of the equation
x1x2x3 = x3x4 6
is described by the transformations8>><
>>:
x1! 1
x2! 1
x3! x3
x4! 1
8>><
>>:
x1! x1
x2! x3x2
x3! (x1x3x2)x1x3
x4! x2x1x3
8>><
>>:
x1! x3x1
x2! x2
x3! (x3x1x2)x3
x4! x1x2x3
where  is a natural parameter.
Proposition 7. The general solution of the equation
x1x2x4 = x2x3x4 7
is described by the transformations8>><
>>:
x1! 1
x2! x2
x3! x3
x4! 1
8>><
>>:
x1! x2x3x1
x2! (x2x3x1)x2
x3! (x3x1x2)x3
x4! x1x2x3
8>><
>>:
x1! x3x2x1
x2! (x3x2x1)x3x2
x3! (x1x3x2) x1x3
x4! x2x1x3
where ;  are natural parameters.
Proposition 8. The general solution of the equation
x1x2x4 = x2x3x5 8
is described by the transformations
x1! 1
x4! x3x5
8>><
>>:
x1! x3x1x2
x2! (x3x1x2)x3
x3! x1
x5! x2x3x4
8>><
>>:
x1! x2x3x1
x2! (x2x3x1)x2x3
x3! x1x2
x5! x3x4
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8>><
>>:
x1! x2x1
x2! (x2x1)x2
x3! x1x2x3
x4! x3x5
where  is a natural parameter.
Proposition 9. The general solution of the equation
x1x2x2x3 = x2x3x1x2 9
is described by the transformations8<
:
x1! x1
x2! x1
x3! x1
8<
:
x1! ((x1x2)+1x1) x1x2
x2! (x1x2)x1
x3! (x2x21(x2x1))x2x1
where ; ;  are natural parameters.
Proposition 10. The general solution of the equation
x1x2x1x3x2 = x3x2x1x2x1 10
is described by the transformations8<
:
x1! x1
x2! x1
x3! x1
8<
:
x1! x2x1
x2! (x1x2)x1
x3! (x2x21(x2x1)+1)x2x21x2
where ; ;  are natural parameters.
Proposition 11. The general solution of the equation
x1x3x3x22 = x3x
2
2x1x3 11
is described by the transformations8<
:
x1! ((x2x1)+2x2)(x2x1)2
x2! x1x2
x3! (x2x1)x2
8<
:
x1! x1
x2! x1
x3! x1
where ; ;  are natural parameters.
Proposition 12. The general solution of the equation
x1 = x

2 12
where ;  are natural parameters; is described by the transformations
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8>><
>>:
x1! x1
x2! x2
! 0
! 0
8>><
>>:
x1! x1
x2! x1
!
!
where ;  are natural parameters with =.
Proposition 13. The general solution of the equation
x1x2x3 = x2x1 13
where ;  are natural parameters; is described by the transformations8><
>:
x1! x1
x2! x1
x3! x1
where ; ;  are natural parameters.
Proposition 14. The general solution of the equation
x1x+12 x3 = x

2 14
where ;  are natural parameters; is described by the transformations8><
>:
x1!x1
x2! x1
x2! x1
where ; ;  are natural parameters with = + (+ 1)+ .
Proposition 15. The general solution of the equation
x1x3x1 = (x2x3)+2 15
where  is a natural parameter; is described by the transformations8><
>:
x1!x1
x2! x1
x3! x1
where ; ; ;  are natural parameters.
Proposition 16. The general solution of the equation
x3x21 = (x2x3)
+2 16
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where  is a natural parameter; is described by the transformations8<
:
x1!x1
x2! x1
x3! x1
where ; ; ;  are natural parameters.
Proposition 17. The general solution of the equation
x+21 = (x2x3)
+2 x2 17
where ;  are natural parameters; is described by the transformations8<
:
x1!x1
x2! x1
x3! x1
where ; ;  are natural parameters with (+ 2)=(+ )( + 2) + .
Proposition 18. The general solution of the equation
x1x3 = x2x1 18
where  is a natural parameter; is described by the transformations8>><
>>:
x1!x1
x2! x2
x3! 1
! 0
8>><
>>:
x1! x1
x2! 1
x3! 1
! 
8>><
>>:
x1! (x1x2)x1
x2! x1x2
x3!(x2x1)
! 
where  is a natural parameter.
Proposition 19. The general solution of the equation
x1x+13 = x
+1
3 x2 19
where  is a natural parameter; is described by the transformations
8<
:
x1!((x1x2)x1)x1x2
x2! x2x1((x1x2)x1)
x3! (x1x2)x1
8><
>:
x1! x1
x2! x1
x3! x1
where ; ;  are natural parameters.
Proposition 20. The general solution of the equation
x+21 = x2x3x2 20
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where  is a natural parameter; is described by the transformations8<
:
x1!(x1x2)+1x1
x2! (x1x2)x1
x3! (x2x1)((x1x2)+1x1)x1x2
8<
:
x1! x1
x2! x1
x3! x1
where ; ;  are natural parameters.
Proposition 21. The general solution of the equation
x2(x3x2)+1x1 = x1x2(x3x2)+1 21
where  is a natural parameter; is described by the transformations8<
:
x1!(x2(x3x2)+1)
x2! x2
x3! x3
8>><
>>:
x1!((x1x2)+1x1)
x2! (x1x2)x1
x3! x2x1((x1x2)+1x1)x1x2
! 08><
>:
x1! x1
x2! x1
x3! x1
where ; ;  are natural parameters.
Proposition 22. The general solution of the equation
x1x2x+23 = x2x
+2
3 x1 22
where  is a natural parameter; is described by the transformations8<
:
x1! x1
x2! x1
x3! x1
8<
:
x1! (x2x+21 )
x2! (x2x+21 )x2
x3! x18<
:
x1! (x2x1((x1x2)+1x1)+1)
x2! (x2x1((x1x2)+1x1)+1)x2x1((x1x2)+1x1)x1x2
x3! (x1x2)+1x1
where ; ;  are natural parameters.
Proposition 23. The general solution of the equation
x1x+22 x2x3 = x2x3x1x
+2
2 23
where  is a natural parameter; is described by the transformations8<
:
x1! x1
x2! x1
x3! x1
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8<
:
x1! (x1x2((x1x2)x1)+2)x1x2
x2! (x1x2)x1
x3! x2x1((x1x2)x1)+1(x1x2((x1x2)x1)+2)
where ; ; ; ; ;  are natural parameters.
Proposition 24. The general solution of the equation
x+11 x3 = x
+1
2 x4 24
where ;  are natural parameters; is described by the transformations T :
8<
:
x1! x1
x2! x1
x3! x(+1)−(+1)1 x4
x2! x+11 x2
x3! x2(x+11 x2)x48>><
>>:
x1! (x1x2)x1
x2! x1x2
x3! x2(x1x2)−x4
! 0
8>>>>><
>>>>>:
x1! (x1x2)+1x1
x2! ((x1x2)+1x1)+1x1x2
x3! x2x1((x1x2)+1x1)x1x2((x1x2)+1x1)+1x1x2)x4
! + 1
! + 1
and transformations T (x1$ x2; x3$ x4; $); where ; ; ; ;  are natural parame-
ters.
Proposition 25. The general solution of the equation
x+11 x2x3 = x
+1
2 x4 25
where ;  are natural parameters; is described by the transformations
8<
:
x1! x1
x2! x1
x3! xk1x4
8<
:
x1! x1
x2! x1
x4! x1x3(
x1! x+12 x1
x4! x1(x+12 x1)x2x3
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8>><
>>:
! 0
x1! x2x1
x2! (x2x1)x2
x4! (x1x2)+1x38>>>>><
>>>>>:
! 0
! + 1
x1! ((x2x1)x2)+1x2x1
x2! (x2x1)x2
x4! x1x2x38>>>>><
>>>>>:
! + 1
! + 1
x1! ((x2x1)+1x2)+1x2x2
x2! (x2x1)x2
x4! x1x2((x2x1)+1x2)x2x1(((x2x1)+1x2)+1x2x1)(x2x1)+1x2x3
where ; ; k; ; ; ; ; ;  are natural parameters with ( + 1) + k = ; ( + 1)=
+ .
Proposition 26. The general solution of the equation
x+11 x2x3 = x
+1
2 x1x4 26
where ;  are natural parameters; is described by the transformations8<
:
x1! x1
x2! x1
x3! xk1x4
8<
:
x1! x1
x2! x1
x4! x1x3
where ; ; k; ; ;  are natural parameters with + k = ; + = .
Proof of Propositions 1{26. First substituting the transformations of the proposition
into the equations of the proposition we verify that every transformation is parametric
solution of the equation. On the other hand, let X1; : : : ; Xn, where Xi are words in the
alphabet (1), be an arbitrary solution of the equation. By using the form of equation
and the previous propositions we recognize the structure of the components of the
solution X1; : : : ; Xn. Then we verify that the solution X1; : : : ; Xn is contained in some
transformation of the proposition.
Proposition 27. The parametric equation
x1R(x2; x3)x4 = (P(x2; x3))t+1x1Q(x1; x2; x3)x5 27
with @(P(x2; x3))>0; where P;Q; R are parametric words; t is a natural number; is
reduced by the parametric transformation T :
x1! (P(x2; x3; 1; : : : ; r))x1;
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where  is a natural parameter; to the parametric equation E:
x1R(x2; x3)x4 = (P(x2; x3; 1; : : : ; r))t+1x1Q(P(x2; x3; 1; : : : ; r))
x1; x2; x3; 1; : : : ; r)x5
with @(x1)<@(P(x2; x3; 1; : : : ; r)).
Proof. It is easy to verify that the substitution of the transformation T into Eq. 27
transforms Eq. 27 to some equation E0 which contains the equation E.
On the other hand, let the transformations S1:8<
:
x1!X1
xi!Xi (i=2; : : : ; 5)
i!i (i=1; : : : ; r)
where Xi are words on the alphabet (1), i are natural numbers, be an arbitrary solution
of Eq. 27. Since jP(X2; X3; 1; : : : ; r)j>0, we have X1 = (P(X2; X3; 1; : : : ; r))AY1 for
some word Y1 on the alphabet (1) and natural number A such that
AjP(X2; X3; 1; : : : ; r)j6jX1 j<(A+ 1) jP(X2; X3; 1; : : : ; r)j:
After the substitution of the solution S1 into the equation we easily obtain that the
coecient transformation S2:8<
:
x1!Y1
xi!Xi (i=2; : : : ; 5)
i!i (i=1; : : : ; r)
is a solution of the equation E. The extension S2 :8>><
>>:
x1!Y1
xi!Xi (i=2; : : : ; 5)
i!i (i=1; : : : ; r)
!A
satises S1 =TS2 . Therefore, the solution S2 is the image of the solution S1 via the
transformation T . Thus, parametric Eq. 27 is reduced by the parametric transformation
T to the parametric equation E.
4. The function Fi(x1; x2)1; : : : ; s
Theorem Fi1. The following identities hold:
Fi(x1 ; x2)1; : : : ; 2k =Fi(x1 ; x12k x2 )1; : : : ; 2k−1 (k>1);
Fi(x1 ; x2)1; : : : ; 2k+1 =Fi(x22k+1 x1 ; x2 )1; : : : ; 2k x22k+1 (k>0):
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Proof (By a joint induction on k): If k =0; 1; the proof is obvious. Suppose that k>1.
By denition, Fi(x1 ; x2)1; 2; : : : ; 2k equals (Fi(x2 ; x1)2; : : : ; 2k x2 )1Fi(x1 ; x2)3; : : : ; 2k . Ac-
cording to the inductions propositions (second identity), this last expression equals
(Fi(x12k x2 ; x1 )2; : : : ; 2k−1 x12k x2 )1Fi(x1 ; x2)3; : : : ; 2k . According to the inductions
proposition (rst identity), this last expression equals (Fi(x12k x2 ; x1 )2; : : : ; 2k−1 x12k x2 )
1(Fi(x1 ; x1 )2k x2 )3; : : : ; 2k−1. This expression is equal (by denition) to Fi(x1 ; x1 ; 2k x2 )
1; : : : ; 2k−1.
By denition, Fi(x1 ; x2)1; : : : ; 2k+1 equals (Fi(x2 ; x1)2; : : : ; 2k+1 x2 )1 Fi(x1 ; x2)3; : : : ;
2k+1.
According to the inductions proposition (rst identity), this last expression equals
(Fi(x2 ; x22k+1 x1 )2; : : : ; 2k x2 )1Fi(x1 ; x2)3; : : : ; 2k+1:
According to the inductions proposition (second identity), this last expression equals
(Fi(x2 ; x22k+1 x1 )2; : : : ; 2k x2 )1Fi(x22k+1 x1 ; x2 )3; : : : ; 2k x22k+1. This expression is equal
(by denition) to Fi(x22k+1 x1 ; x2 )1; : : : ; 2k x22k+1.
Consider an equation of the form x1Px2U = x2Qx1V , where P;Q are parametric words
on the alphabet x3; : : : ; xn, and U; V are parametric words. Consider the sequence of
parametric transformations:
1: x1! (x2Q)1x1
2: x2! (x1P)2x2
3: x1! (x2Q)3x1
4: x2! (x1P)4x2
...
2k − 1: x1! (x2Q)2k−1x1
2k: x2! (x1P)2kx2
2k + 1: x1! (x2Q)2k+1x1
...
(12)
where 1; 2; : : : are natural parameters.
Theorem Fi2. For every natural s, the sequence (12) of the rst s parametric trans-
formation can be collected by the following common transformation:
x1!Fi(x1P; x2Q)1; 2; : : : ; s x1
x2!Fi(x2Q; x1P)2; : : : ; s x2
Proof. If s=0 the proposition holds obviously. Consider now two cases.
Case 1. Suppose that the sequence of the rst 2k−1 transformations can be collected
by the common transformation
x1!Fi(x1P; x2Q)1; 2; : : : ; 2k−1 x1
x2!Fi(x2Q; x1P)2; : : : ; 2k−1 x2
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Let the 2kth transformation be of the form
x2! x2P2k x2
Then the sequence of the rst 2k transformations can be collected by the common
transformation
x1!Fi(x1P; (x1P)2k x2Q)1; 2; : : : ; 2k−1 x1
x2!Fi((x1P)2k x2Q; x1P)2; : : : ; 2k−1 (x1P)2k x2
According to Theorem Fi1 this transformation coincides with the transformation
x1!Fi((x1P; x2Q)1; 2; : : : ; 2k x1
x2!Fi(x2Q; x1P)2; : : : ; 2k x2
Case 2. Suppose that the sequence of the rst 2k transformations can be collected
in the common transformation
x1!Fi(x1P; x2Q)1; 2; : : : ; 2k x1
x2!Fi(x2Q; x1P)2; : : : ; 2k x2
Let the (2k + 1)th transformation be of the form
x1! (x2Q)2k+1x1
Then the sequence of the rst 2k +1 transformations can be collected by the common
transformation
x1!Fi((x2Q)2k+1 x1P; x2Q)1; 2; : : : ; 2k (x2Q)2k+1 x1
x2!Fi(x2Q; (x2Q)2k+1 x1P)2; : : : ; 2k x2
According to Theorem Fi1 this transformation coincides with the transformation
x1!Fi(x1P; x2Q)1; 2; : : : ; 2k+1 x1
x2!Fi(x2Q; x1P)2; : : : ; 2k+1 x2
Theorem Fi3. The following identities hold:
Fi(x1 ; x2)0; 2; : : : ; s=Fi(x1 ; x2)3; : : : ; s
Fi(x1 ; x2)1; : : : ; r−1; 0; r+1; : : : ; s=Fi(x1 ; x2)1; : : : ; r−1 + r+1; : : : ; s
Fi(x1 ; x2)1; : : : ; s−1; 0=Fi(x1 ; x2)1; : : : ; s−1
Proof. Follows from Theorem Fi2.
Proposition 28. The parametric equation;
x1x3x2U (x1; x2; x3; 1; : : : ; r)x4 = x2x

3x1V (x1; x2; x3; 1; : : : ; r)x5 28
with
@(x1x3)>0; @(x2x

3 )>0; + >0
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where ; ; 1; : : : ; r are natural parameters; U; V are parametric words; is reduced
by the transformation T;(
x1!Fi(x1x3 ; x2x3 )x1
x2!Fi(x2x3 ; x1x3)jx2
where  is a variable for sequences of natural parameters; to the equation E:
x1x3x2U (Fi(x1x3 ; x2x

3 )
x1Fi(x2x3 ; x1x3)
jx2 ; x3 ; 1; : : : ; r)x4
= x2x

3x1V (Fi(x1x3 ; x2x

3 )
x1 ;Fi(x2x3 ; x1x3)
jx2 ; x3 ; 1; : : : ; r)x5
with @(x1)<@(x2x

3 ); @(x2)<@(x1x

3).
Proof. It is easy to verify that the substitution of the transformation T into Eq. 28 to
some equation E0 which contains the equation E.
On the other hand, let the transformation S1,8>><
>>:
xi!Xi (i=1; : : : ; 5)
i!i (i=1; : : : ; r)
!A
!B
where Xi are words on the alphabet (1), i, and A; B are natural numbers, be an
arbitrary solution of Eq. 28.
We prove by induction on jX1X2X3j that S1 is contained in parametric
transformation T .
If jX1j<jX2X B3 j and jX2j<jX1X A3 j, then the coecient transformation S2,8>>>><
>>>>:
xi!Xi (i = 1; : : : ; 5)
i!i (i = 1; : : : ; r)
!A
!B
!;
is a solution of the equation E and S1 = TS2.
Let jX1j>jX2X B3 j. Since jX2X B3 j>0, we have X1 = X2X B3 Y1 for some word Y1 on the
alphabet (1), where jY1j<jX1j.
It is easy to see that Eq. 28 with additional condition @(x1)>@(x2x

3 ) is reduced by
the transformation t,
x1! x2x3x1;
to the equation E0:
x1x3x2U (x2x

3x1; x2; x3; 1; : : : ; r)x4 = x2x

3x1V (x2x

3x1; x2; x3; 1; : : : ; r)x5
with @(x1x3)>0; @(x2x

3 )>0; + >0.
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The transformation S 0,8>><
>>:
x1!Y1 (i=1; : : : ; s)
xi!Xi (i=2; 3; 4; 5)
!A
!B
is a solution of the equation E0.
Since jY1j<jX1j one can use the inductive proposition to see that S 0 is contained in
parametric transformation T . Hence S1 is contained in parametric solution tT . Using
Theorem Fi2 one can see that the transformation tT has the form(
x1!Fi(x1x3 ; x2x3 )1; 0; x1
x2!Fi(x2x3 ; x1x3)jx2
Let jX2j>jX1X A3 j. Since jX1X A3 j>0, we have X2 =X1X A3 Y2 for some word Y2 on the
alphabet (1), where jY2j<jX2j.
It is easy to see that Eq. 28 with additional condition @(x2)>@(x1x3) is reduced by
the transformation t : x2! x1x3x2 to the equation E0:
x1x3x2U (x1; x1x

3x2; x3; 1; : : : ; r)x4 = x2x

3x1V (x1; x1x

3x2; x3; 1; : : : ; r)xr
with @(x1x3)>0; @(x2x

3 )>0; + >0.
The transformation S 0,8>><
>>:
x2!Y2
xi!Xi (i=1; 3; 4; 5)
!A
!B;
is a solution of the equation E0.
Since jY2j<jX2j one can use the inductive proposition to see that S 0 is contained
in parametric transformation T . Hence S1 is contained in parametric transformation tT .
Using Theorem Fi2 one can see that the transformation tT has the form(
x1!Fi(x1x3 ; x2x3 )x1
x2!Fi(x2x3 ; x1x3)1; x2
Proposition 29. The general solution of the equation;
x1x+13 x2 = x2x1x4 with @(x1)<@(x2)<@(x1x
+1
3 ); 29
where  is a natural parameter; is described by the transformation
x2! x1(x2x3)x2
x3! x2x3
x1! (x3(x2x3)−)x1
G.S. Makanin, T.A. Makanina / Theoretical Computer Science 242 (2000) 403{475 423
followed by one of the two transformations8><
>:
x1! (x1x3x2)x1
x3! x1x3
x4! x3(x2x1x3)−−(x1x3x2)x1(x2x1x3)x28><
>:
x1! (x3x1x2)x3x1
x2! x1x2
x4! x2x3(x1x2x3)−−−1(x3x1x2)x3x1(x1x2x3)x1x2
where ; ; ;  are natural parameters; with 6;  + 6; +  + 16.
Proof. Eq. 29 can be reduced by the transformation
x2! x1x2
to the equation E1:
x+13 x1x2 = x2x1x4 with 0<@(x2)<@(x
+1
3 ):
Equation E1 can be reduced by the transformation
x2! (x2x3)x2
x3! x2x3;
where  is a natural parameter with 6, to the equation E2:
x3(x2x3)−x1(x2x3)x2 = x1x4 with @(x3)>0:
According to Proposition 27 the equation E2 is reduced by the parametric transformation
x1! (x3(x2x3)−)x1;
where  is a natural parameter, to the equation E3:
E2 with @(x1)<@(x3(x2x3)−):
The equation E3 can be dividied into the collection of equations:
( j) E3 with @(x3x2)6@(x1)<@((x3x2)x3); 6− ,
( jj) E3 with @((x3x2)x3)6@(x1)<@((x3x2)+1x3); 6−  − 1.
The equation (j) can be reduced by the transformation
x1! (x1x3x2)x1
x3! x1x3
to the equation
x3(x2x1x3)−−(x1x3x2)x1(x2x1x3)x2 = x4
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The equation (jj) can be reduced by the transformation
x1! (x3x1x2)x3x1
x2! x1x2
to the equation
x2x3(x1x2x3)−−−1(x3x1x2)x3x1(x1x2x3)x1x2 = x4:
Proposition 30. The general solution of the equation
x1x+13 x2 = x2x1x4; 30
where  is a natural parameter; is described by the transformation(
x1!Fi(x1x+13 ; x2)x1
x2!Fi(x2 ; x1x3)jx2
followed by one of the three transformations8<
:
x1! 1
x3! 1
x4! 1

x2! 1 h29i
x4! x+13
Proof. Directly follows from Propositions 28 and 29.
Theorem Fi4. The following identities hold:
Fi(x1 ; x2)1; 2; : : : ; 2k = x12k x2Vt(x1 ; x2)1; 2; : : : ; 2k (k>1)
Fi(x1 ; x2)1; 2; : : : ; 2k+1 = x22k+1 x1Vt(x1 ; x2)1; 2; : : : ; 2k+1 (k>1)
where 1; : : : ; s are variables for positive integers.
Proof (By a joint induction on k): If k =1, the proof is obvious. Suppose that k>1.
By denition, Fi(x1 ; x2)1; 2; : : : ; 2k equals Fi(x2 ; x1)2; : : : ; 2k x2Fi(x1 ; x2)1− 1; 2; : : : ; 2k .
According to the induction proposition (second identity), this last expression equals
x12k x2Vt(x2 ; x1)2; : : : ; 2k x2Fi(x1 ; x2)1 − 1; 2; : : : ; 2k . By denition this last expression
equals x12k x2Vt(x1 ; x2)1; 2; : : : ; 2k .
By denition Fi(x1 ; x2)1; 2; : : : ; 2k+1 equals Fi(x2 ; x1)2; : : : ; 2k+1 x2Fi(x1 ; x2)1 − 1; 2;
: : : ; 2k+1. According to the induction proposition (rst identity), this last expression
equals
x22k+1 x1Vt(x2 ; x1)2; : : : ; 2k+1 x2Fi(x1 ; x2)1 − 1; 2; : : : ; 2k+1:
By denition this expression equals
x22k+1 x1Vt(x1 ; x2)1; 2; : : : ; 2k+1:
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5. The function Th(x1; x2; x3)i 1; 2; : : : ; 2s
Theorem Th1. The following identities hold for s>0:
Th(x1 ; x2 ; x3)11; 2; : : : ; 2s+2
= Th((x1x2x3)2s+1 x1 ; (x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )11; 2; : : : ; 2s(x1x2x3)2s+1;
Th(x1 ; x2 ; x3)21; 2; : : : ; 2s+2
= Th((x1x2x3)2s+1 x1 ; (x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )21; 2; : : : ; 2s;
(x2x3x1(x1x2x3)2s+1 x1 )2s+2;
Th(x1 ; x2 ; x3)31; 2; : : : ; 2s+2
=Th((x1 ; x2 ; x3)2s+1 x1 ; (x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )31; 2; : : : ; 2s x1x2
Oc(x1 ; x2 ; x3)1; 2; : : : ; 2s+2 = (x3x1x2)2s+1
Oc((x1x2x3)2s+1 x1 ; (x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )1; 2; : : : ; 2s:
Proof. By a joint induction on s.
Third identity. By denition, Th(x1 ; x2 ; x3)31; 2; : : : ; 2s+2 =Th(x1 ; x2 ; x3)13; : : : ; 2s+2 x1
Th(x1 ; x2 ; x3)23; : : : ; 2s+2 x2Th(x1 ; x2 ; x3)33; : : : ; 2s+2. According to the induction proposition,
it is equal to Th((x1x2x3)2s+1 x1 ; (x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )13; : : : ; 2s (x1x2x3)2s+1 x1
Th((x1x2x3)2s+1 x1 ; (x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )23; : : : ; 2s(x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2
Th((x1x2x3)2s+1 x1 ; (x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )33; : : : ; 2s x1x2 . This is equal by de-
nition to Th((x1x2x3)2s+1 x1 ; (x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )31; 2; : : : ; 2s x1x2 .
First identity. By denition, Th(x1 ; x2 ; x3)11; 2; : : : ; 2s+2 = (Th(x1 ; x2 ; x3)31; 2; : : : ;
2s+2 x3 )1Th(x1 ; x2 ; x3)3; : : : ; 2s. According to the induction proposition and the third
identity this is equal to (Th((x1x2x3)2s+1 x1 ; (x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )31;
2; 2s x1x2x3 )1Th((x1x2x3)2s+1 x1 ; (x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )13; : : : ; 2s (x1x2x3)2s+1.
This is equal by denition to Th((x1x2x3)2s+1 x1 ; (x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )11; ;
: : : ; 2s(x1x2x3)2s+1:
Second identity. By denition Th(x1 ; x2 ; x3)21; 2; : : : ; 2s+2 = (Th(x1 ; x2 ; x3)23; : : : ; 2s+2x2
Th(x1 ; x2 ; x3)33; : : : ;2s+2 x3Th(x1 ; x2 ; x3)13; : : : ; 2s+2 x1Th(x1 ; x2 ; x3)11; : : : ; 2s+2 x1 )2Th(x1 ; x2 ; x3)2
3; : : : ; 2s+2:
According to the induction proposition and the rst identity, this is equal to
(Th((x1x2x3)2s+1 x1 ;(x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )23; : : : ; 2s(x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2
Th((x1 x2 x3) 2s+1 x1 ;(x2 x3 x1(x1 x2 x3) 2s+1 x1 ) 2s+2 x2 ; x1 x2 x3 )3 3; : : : ; 2s x1x2x3Th ((x1x2x3) 2s+1 x1 ;
(x2x3x1(x1x2x3)2s+1 x1 ) 2s+2 x2 ; x1 x2 x3 )1 3; : : : ; 2s (x1x2x3) 2s+1 x1Th((x1x2x3)2s+1 x1 ;(x2x3x1(x1x2x3)
2s+1 x1 )2s+2 x2 ; x1x2x3 )11; 2; : : : ; 2s(x1x2x3)2s+1 x1 )2Th((x1x2x3)2s+1 x1 ;(x2x3x1(x1x2x3)2s+1 x1)
2s+2 x2 ; x1x2x3)23; : : : ; 2s(x2x3x1(x1x2x3)2s+1 x1)2s+2: This is equal by denition to Th((x1x2x3)
2s+1 x1 ;(x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )21; 2 ; : : : ; 2s (x2x3x1(x1x2x3)2s+1 x1 )2s+2:
Fourth identity. By denition, Oc((x1 ; x2 ; x3)1; 2; : : : ; 2s+2 =Oc(x1 ; x2 ; x3)3; : : : ; 2s+2
(Th(x1 ; x2 ; x3)33; : : : ; 2s+2 x3Th(x1 ; x2 ; x3)13; : : : ; 2s+2 x1Th(x1 ; x2 ; x3)23; : : : ; 2s+2 x2 )1: Accord-
ing to the induction proposition and the rst, second and third identity, this is equal to
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(x3x1x2)2s+1Oc(x1x2x3)2s+1 x1 ;(x2x3x1(x1x2x3)2s+1 x1)2s+2 x2 ; x1x2x3 )3; : : : ; 2s(Th((x1x2x3)2s+1 x1 ;
(x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3)3 3; : : : ; 2s x1 x2 x3Th((x1 x2 x3) 2s+1 x1 ;(x2 x3 x1(x1x2x3) 2s+1 x1)
2s+2 x2 ; x1x2x3)13; : : : ;2s (x1x2x3)2s+1 x1Th((x1x2x3)2s+1 x1 ;(x2x3x1(x1x2x3)2s+1x1)2s+2 x2 ;x1x2x3)23;
: : : ; 2s (x2x3x1(x1x2x3)2s+1 x1)2s+2 x2)1. This is equal by denition to (x3x1x2)2s+1Oc((x1x2x3)
2s+1 x1 ;(x2x3x1(x1x2x3)2s+1x1 )2s+2 x2 ; x1x2x3)1; 2; : : : ; 2s.
Consider the equation x1x2x3x4 = x3x21x2 and the sequence of joint parametric trans-
formations (13):
8>><
>>:
x1! (x1x2x3)1x1
x2! (x2x3x1(x1x2x3)1x1)2x2
x3! x1x2x3
x4! x4(x3x1x2)1
(13.1)
8>><
>>:
x1! (x1x2x3)3x1
x2! (x2x3x1(x1x2x3)3x1)4x2
x3! x1x2x3
x4! x4(x3x1x2)3
...
(13.2)
8>><
>>:
x1! (x1x2x3)2s−1x1
x2! (x2x3x1(x1x2x3)2s−1x1)2s x2
x3! x1x2x3
x4! x4(x3x1x2)2s−1
(13.s)
8>><
>>:
x1! (x1x2x3)2s+1x1
x2! (x2x3x1(x1x2x3)2s+1x1)2s+2x2
x3! x1x2x3
x4! x4(x3x1x2)2s+1
...
(13s+1)
Theorem Th2. For every natural s the sequence of the s joint parametric transfor-
mations (13) can be collected by the following common transformation:
8>><
>>:
x1!Th(x1 ; x2 ; x3)11; 2; : : : ; 2s x1
x2!Th(x1 ; x2 ; x3)21; 2; : : : ; 2s x2
x3!Th(x1 ; x2 ; x3)31; 2; : : : ; 2s x3
x4! x4Oc(x1 ; x2 ; x3)1; 2; : : : ; 2s
(14)
Proof. Suppose the sequence of the rst s transformations can be collected by the
common transformation (14). And let the (s + 1)th transformation be of the form
(13s+1). Then the sequence of the rst s+1 transformations can be collected by the
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common transformation8>>>>>>>>>>><
>>>>>>>>>>>:
x1!Th((x1x2x3)2s+1 x1 ;(x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )1
1; 2; : : : ; 2s(x1x2x3)2s+1 x1
x2!Th((x1x2x3)2s+1 x1 ;(x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )2
1; 2; : : : ; 2s(x2x3x1(x1x2x3)2s+1 x1 )x2
x3!Th((x1x2x3)2s+1 x1 ;(x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )3
1; 2; : : : ; 2s x1x2x3
x4! x4(x3x1x2)2s+1Oc((x1x2x3)2s+1 x1 ;(x2x3x1(x1x2x3)2s+1 x1 )2s+2 x2 ; x1x2x3 )
1; 2; : : : ; 2s:
According to Theorem Th1 this transformation coincides with the transformation8>><
>>:
x1!Th(x1 ; x2 ; x3)11; 2; : : : ; 2s+2 x1
x2!Th(x1 ; x2 ; x3)21; 2; : : : ; 2s+2 x2
x3!Th(x1 ; x2 ; x3)31; 2; : : : ; 2s+2 x3
x4! x4Oc(x1 ; x2 ; x3)21; 2; : : : ; 2s+2
Proposition 31. The general solution of the equation
x2x1x3x4 = x3x21(x3x1)
x2 31
with @(x3)6@(x2)<@(x3x21(x3x1)
) where  is a natural parameter; is described by the
transformations
t
8><
>:
x1! x+1
x2! x3x1
x4! x4(x+1 x3)x1
h18i
tt
8<
:
x2! x3x1(x1x3)x2
x1! x2x1
x4! (x1x3x2)−x1x2(x1x3x2)
h4i
ttt
8<
:
x2! x3x1(x1x3)x1x2
x3! x2x3
x4! (x3x1x2)−−1x3x21x2(x3x1x2)
h4i
where ; ; ;  are natural parameters with 6; <.
Proof. It is easy to see that Eq. 31 can be divided into the following collection of
equations:
(j) 31 with @(x3)6@(x2)<@(x3x1),
(jj) 31 with @(x3x1(x1x3))6@(x2)<@(x3x1(x1x3)x1),
(jjj) 31 with @(x3x1(x1x3)x1)6@(x2)<@(x3x1(x1x3)+1),
where ;  are natural parameters with 6 and <.
It is obvious that the equation (j) is reduced by the parametric transformation8<
:
x2! x3x2
x1! x2x1
x4! x4x2(x1x3x2)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to the equation x2x1x3x4 = x1x2x1x3 with @(x2)<@(x1): The last equation falls into the
system
x2x1 = x1x2
x3x4 = x1x3
with @(x2)<@(x1). By Proposition 1 this system is reduced by the parametric transfor-
mation(
x1 = x

1
x2 = x1
to the equation x3x4 = x

1x3 with >, that is to the equation 18.
The equation (jjj) is reduced by the parametric transformation tt to Eq. 4. The
equation (jjj) is reduced by the parametric transformation ttt to Eq. 4.
Proposition 32. The parametric equation;
x2x1x3x4 = x3x21(x3x1)
x2 32
with @(x2)<@(x3); where  is a natural parameter; is reduced by the transformation
x3! x2x3
x4! x4(x3x1x2)
to the parametric Eq. 33.
Proof. It is obvious.
Proposition 33. The general solution of the equation
x1x2x3x4 = x3x21x2 with @(x3)>0 33
is described by the transformation
T
8>>>><
>>>>:
x1!Th(x1 ; x2 ; x3)1x1
x2!Th(x1 ; x2 ; x3)2x2
x3!Th(x1 ; x2 ; x3)3x3
x4! x4Oc(x1 ; x2 ; x3)
t
8>>>><
>>>>:
x1! (x1x3)x1
x2! (x3x21(x3x1))x2
x3! x1x3
x4! x4
h31i
where  is a variable whose values are even sequences of natural parameters; and
;  are natural parameters.
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Proof. It is easy to apply the transformation Tth31i to Eq. 33 and to verify, by using
the denition of the functions Th(x1 ; x2 ; x3)i 1; 2; : : : ; 2s; that it is parametric solution of
Eq. 33.
According to Proposition 27, Eq. 33 is reduced by the parametric transformation
x1! x3x1
where  is natural parameter, to the equation E1:
x1x2x3x4 = x3x1x3x1x2 with @(x1)6@(x3)
According to the condition @(x1)<@(x3), the equation E1 is reduced by the parametric
transformation
x3! x1x3
to the equation E2:
x2x1x3x4 = x3x1(x1x3)x1x2:
According to Proposition 27, the equation E2 is reduced by the parametric transfor-
mation
x2! (x3x1(x1x3)x1)x2
where  is a natural parameter, to the equation E3:
x2x1x3x4 = x3x21(x3x1)
x2 with @(x2)<@(x3x21(x3x1)
):
It easy to see that the equation E3 can be divided into the following collection of
equations:
( j) E3 with @(x3)6@(x2).
( jj) E3 with @(x3)>@(x2).
The equation (j) is Eq. 31:
According to Proposition 32 the equation (jj) is reduced by the transformation
x3! x2x3
x4! x4(x3x1x2)
to Eq. 33.
The sequence of transformations
x1! x3x1
x3! x1x3
x2! (x3x1(x1x3)x1)x2
x3! x2x3
x4! x4(x3x1x2)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can be collected by the following common transformation r:
8>><
>>:
x1! (x1x2x3)x1
x2! (x2x3x1(x1x2x3)x1)x2
x3! x1x2x3
x4! x4(x3x1x2)
Using Theorem Th2 one can see that transformation rT can be obtained from T by
replacing the parameter  by the sequence ; ; .
6. The function Ro(x1 ; x2 ; x3)i 1; : : : ; t
Consider the equation
x1x2x3x4 = x2x23x1
and a sequence of transformations (15):
8>><
>>:
x1! Fi(x3x2x1 ; x3x2(x1x3)2)1 x3x2x1
x2! Fi(x3x2(x1x3)2 ; x3x2x1)1jx3x2
x3! x1x3
x4! x4x1
(15.1)
8>><
>>:
x1! Fi(x3x1(x2x3)2 ; x3x1x2)2jx3x1
x2! Fi(x3x1x2 ; x3x1(x2x3)2)2 x3x1x2
x3! x2x3
x4! x4x2
(15.2)
...
8>><
>>:
x1! Fi(x3x2x1 ; x3x2(x1x3)2)2k+1 x3x2x1
x2! Fi(x3x2(x1x3)2 ; x3x2x1)2k+1jx3x2
x3! x1x3
x4! x4x1
(15:2k + 1)
8>><
>>:
x1! Fi(x3x1(x2x3)2 ; x3x1x2)2k+2jx3x1
x2! Fi(x3x1x2 ; x3x1(x2x3)2)2k+2 x3x1x2
x3! x2x3
x4! x4x2
(15:2k + 2)
...
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Theorem Ro1. For every natural t the sequence of the t joint parametric transfor-
mations (15) can be collect by the following common transformation:8>><
>>:
x1!Ro(x1 ; x2 ; x3)11; : : : ; t x1
x2!Ro(x1 ; x2 ; x3)21; : : : ; t x2
x3!Ro(x1 ; x2 ; x3)31; : : : ; t x3
x4! x4Re(x1 ; x2 ; x3)1; : : : ; t
(16)
Proof. If t = 0 it is obvious. Let t = 1. Then by denition of the function Ro(x1 ; x2 ; x3)i 1;
: : : ; t we have
Ro(x1 ; x2 ; x3)11 = Fi(x3x2x1 ; x3x2(x1x3)2)1; : : : ; s x3x2
Ro(x1 ; x2 ; x3)21 = Fi(x3x2(x1x3)2 ; x3x2x1)2; : : : ; s x3
Ro(x1 ; x2 ; x3)31 = x1
Re(x1 ; x2 ; x3)1 = x1
and transformation (16) coincides with transformation (15:1).
Let t>1. By inductive proposition the sequence of transformations (15:2); : : : ; (15:t)
can be collected by the common transformation8>><
>>:
x1!Ro(x2 ; x1 ; x3)22; : : : ; t x1
x2!Ro(x2 ; x1 ; x3)12; : : : ; t x2
x3!Ro(x2 ; x1 ; x3)32; : : : ; t x3
x4! x4Re(x2 ; x1 ; x3)2; : : : ; t
(17)
Substituting transformation (17) into transformation (15:1) we obtain the formulas
(16).
Proposition 34. The general solution of the equation
x1x2x3x4 = x2x23x1 34
is described by the transformations(
x1!Fi(x1 ; x2x23)x1
x2!Fi(x2x23 ; x1)jx2
where  is variable for sequences of natural parameters; followed by one of the three
transformations;8<
:
x2! 1
x3! 1
x4! 1

x1! 1
x4! x3
h35i
Proof. Directly follows from Propositions 28 and 35.
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Proposition 35. The general solution of the equation
x1x2x3x4 = x2x23x1 with @(x2)<@(x1)<@(x2x
2
3) 35
is described by the transformations h36i{h38i.
Proof. Eq. 35 can be divided into the collection of equations:
( j) 35 with @(x1)6@(x3),
( jj) 35 with @(x2x3)6@(x1),
( jjj) 35 with @(x3)6@(x1)6@(x2x3).
By denition the equation (j) is 36, ( jj) is 37, ( jjj) is 38.
Proposition 36. The general solution of the equation
x1x2x3x4 = x2x23x1
with
@(x2)<@(x1)<@(x2x23); @(x1)6@(x3) 36
is described by the transformation t;
x1 ! x2x1
x3 ! x1x2x3
x4 ! x3x2x1
h4i
Proof. Eq. 36 can be reduced by the transformation x1 ! x2x1 to the equation E1:
x1x2x3x4 = x23x2x1 with 0<@(x1)<@(x
2
3); @(x2x1)6@(x3):
The equation E1 can be reduced by the transformation x3 ! x1x2x3 to the equa-
tion E2:
x1x2x3x4 = x3x1x2x3x2x1 with @(x1)>0:
The equation E2 can be reduced by the transformation x4! x3x2x1 to the equation
x1x2x3 = x3x1x2 with @(x1)>0, that is to Eq. 4 with @(x1)>0,
On the other hand, the transformation t is a parametric solution of Eq. 36.
Proposition 37. The general solution of the equation
x1x2x3x4 = x2x23x1
with
@(x2)<@(x1)<@(x2x23); @(x2x3)6@(x1) 37
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is described by the transformation t;
x1 ! x2x3x1
x3 ! x1x3
x4 ! x3x1
h4i
Proof. Eq. 37 can be reduced by the transformation x1! x2x3x1 to the equation E1:
x1x2x3x4 = x3x2x3x1 with 0<@(x1)<@(x3):
The equation E1 can be reduced by the transformation x3! x1x3 to the equation E2:
x2x1x3x4 = x3x2x1x3x1 with @(x1)>0; @(x3)>0:
The equation E2 can be reduced by the transformation x4! x3x1 to the equation
x2x1x3 = x3x2x1 with @(x1)>0, @(x3)>0, that is to Eq. 4 with @(x1)>0, @(x3)> 0.
On the other hand, the transformation t is parametric solution of Eq. 37.
Proposition 38. The general solution of the equation
x1x2x3x4 = x2x23x1
with
@(x2)<@(x1)<@(x2x23); @(x2)6@(x1)6@(x2x3) 38
is described by the transformation t;
x1! x2x1
x3! x1x3
x2! x3x2
x4! x4x1
x1! x2
x2! x1
h34i
Proof. Eq. 38 can be reduced by the transformation x1! x2x1 to the equation E1:
x1x2x3x4 = x23x2x1 with 0<@(x1)<@(x
2
3), @(x3)6@(x1x2). The equation E1 can be re-
duced by the transformation x3! x1x3 to the equation E2: x2x1x3x4 = x3x1x3x2x1
with @(x3)6@(x2), @(x1)>0. The equation E2 can be reduced by the transformations
x2! x3x2, x4! x4x1 to the equation E3: x2x1x3x4 = x1x23x2 with @(x1)>0. The equation
E3 can be reduced by the transformation
x1! x2
x2! x1
to Eq. 34 with @(x2)>0.
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On the other hand, the transformation t is parametric solution of Eq. 38.
Proposition 39. The general solution of the equation
x1x2x3x4 = x2x23x1 39
is described by the transformation t;(
x1!Fi(x1 ; x2x23)x1
x2!Fix2x23 ; x1)jx2
where  is a variable for sequences of natural parameters; followed by one of the
four transformations
8<
:
x2! 1
x3! 1
x4! 1

x1! 1 h36i h37i
x4! x3
and the transformation tt;8>>>><
>>>>:
x1!Fi(x3x2x1 ; x3x2(x1x3)2)x3x2x1
x2!Fi(x3x2(x1x3)2 ; x3x2x1)jx3x2
x3! x1x3
x4! x4x1
where  is a variable for sequences of natural parameters; followed by the transfor-
mation
x1! x2
x2! x1
h34i
Proof. Proposition 39 is deduced by means of Propositions 34{38.
Proposition 40. The general solution of the equation
x1x2x3x4 = x2x23x1 40
is described by the transformation T;8>>>><
>>>>:
x1!Ro(x1 ; x2 ; x3)1x1
x2!Ro(x1 ; x2 ; x3)2x2
x3!Ro(x1 ; x2 ; x3)3x3
x4! x4Re(x1 ; x2 ; x3)
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where  is a variable whose values are even sequences of second parameters followed
by the transformation(
x1!Fi(x1 ; x2x23)x1
x2!Fi(x2x23 ; x1)jx2
where  is a variable whose values are nite sequences of natural parameters; followed
by one of the four transformations8><
>:
x2! 1
x3! 1
x4! 1

x1! 1
x4! x3
h36i h37i
and the transformation TT;8>>>><
>>>>:
x1!Ro(x1 ; x2 ; x3)1x1
x2!Ro(x1 ; x2 ; x3)2x2
x3!Ro(x1 ; x2 ; x3)3x3
x4! x4Re(x1 ; x2 ; x3)
where  is a variable whose values are odd sequences of second parameters; followed
by the transformation(
x1!Fi(x1x23 ; x2)jx1
x2!Fi(x2 ; x1x23)x2
where  are variables whose values are nite sequences of natural parameters, fol-
lowed by one of the four transformations8<
:
x1! 1
x3! 1
x4! 1

x2! 1
x4! x3

x1! x2
x2! x1
h36i

x1! x2
x2! x1
h37i
Proof. It is easy to apply the transformations T and TT to Eq. 40 and to verify
by using the denition of the functions Ro(x1 ; x2 ; x3)i 1; : : : ; t (i=1; 2; 3), that they are
parametric solution of Eq. 40.
Let S,8>><
>>:
x1!X1
x2!X2
x3!X3
x4!X4
where Xi are words on the alphabet (1), be an arbitrary solution of Eq. 40. We prove
by induction jX1X2X3X4j that S is contained either in the transformation T or in the
transformation TT .
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Eq. 40 can be divided into the following collection of equations:
( j) 40 with @(x2)6@(x1)6@(x2x23),
( jj) 40 with @(x1)6@(x2),
( jjj) 40 with @(x2x23)6@(x1).
Let S be a solution of the equation (j). By Proposition 35 the solution S is contained
in h36i{h38i.
If S is contained in h36i; h37i, then S is contained in T with = ;; = ;.
Let S be contained in h38i. If jX1X2X3j=0, then S is contained in T . Let jX1X2X3j
>0. Then X1 =X2Y1 for some Y1 and Y1X2X3X4 =X 23 X2Y1. Then X3 =Y1Y3 and
X2Y1Y3X4 =Y3Y1Y3X2Y1. Then X2 =Y3Y2 and Y2Y1Y3X4 =Y1Y3Y3Y2Y1. By Proposition
38, Eq. 38 is reduced by the parametric transformation
t
8>><
>>:
x1! x3x2x1
x2! x3x2
x3! x1x3
x4! x4x1
c

x1! x2
x2! x1
to Eq. 34, that is to Eq. 40. The image of the solution S via the transformation t is
the coecient transformation S1:8>><
>>:
x1!Y1
x2!Y2
x3!Y3
x4!X4
Since jY1Y2Y3Y4j<jX1X2X3X4j one can use the inductive proposition to see that S1
is contained in the parametric solutions cT , cTT . Hence, the parametric solutions
tcT; tcTT of 40 contain the solution tcS1, that is S.
According to Theorem Ro1 the transformations tcT; tcTT can be obtained from
transformations T; TT , by replacing the parameter  by parameter ;; .
Let S be a solution of the equation (jj). If jX1j=0, then S is contained in T; TT . Let
jX1j>0. Then X2 =X1Y2 for some Y2 and X1Y2X3X4 =Y2X 23 X1. Eq. 40 is reduced by
the transformation: x2! x1x2 to Eq. 40. The image of the solution S via transformation
t is the coecient transformation
S1
8>><
>>:
x1!X1
x2!Y2
x3!X3
x4!X4
Since jY2j>jX2j one can use the inductive proposition to see that S1 is contained in
the T; TT . Hence, the parametric solution tT; tTT of 40 contains the solution tS1, that
is S.
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According to Theorems Fi1 and Ro1 the transformations tT; tTT can be obtained from
transformations T; TT by replacing the parameters ;  by parameters 0; 0, where: if
= ;, then 0= ; and 0=0; 1; ; if = 1; : : : ; s (s>1), then 0= 01; : : : ; s, where
01 = 0; 1; 1 and 
0= .
Let S be a solution of the equation (jjj). If jX2X 23 j=0, then S is contained in T; TT .
Let jX2X 23 j>0. Then X1 =X2X 23 Y1 for some Y1 and Y1X2X3X4 =X2X 23 Y1. Eq. 40 is
reduced by the transformation t : x1! x2x23x1 to Eq. 40. The image of the solution S
via transformation t is the coecient transformation S1:8>><
>>:
x1!Y1
x2!X2
x3!X3
x4!X4
Since jY1j<jX1j one can use the inductive proposition to see that S1 is contained in
the T; TT . Hence, parametric solution tT; tTT of 40 contains the solution tS1, that is S.
According to Theorems Fi1 and Ro1 the transformations rT; TT can be obtained from
transformations T; TT by replacing the parameters ;  by parameters 0; 0, where: if
= ;, then 0= ; and 0=1; 0; ; if = 1; : : : ; s (s>1), then 0 = 01; : : : ; s, where
01 = 0; 1; 1 and 
0= .
7. One-sided equations
Proposition 41. The general solution of the equation
x1x2x3x4 = ((x2x3)+1x2)k+1x3x2x1; 41
with @(x1)<@(((x2x3)+1x2)k+1x3x2); where k;  are natural parameters; is described
by the transformations
x1! ((x2x3)+1x2)(x2x3)x1
x2! x1x2
x4! x2(x3x1x2)−((x1x2x3)+1x1x2)k−x3x1x2
((x1x2x3)+1x1x2)(x1x2x3)x1
h4i;
x1! ((x2x3)+1x2)(x2x3)+1x1
x2! x1x2
x4! x4(x1x2x3)x1x2((x1x2x3)+1x1x2)k−−1x3x1x2
x1! x1
x2! x1
h18i;
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x1! ((x2x3)+1x2)k(x2x3)+1x1
x2! x1x2
x4! x2((x1x2x3)+1x1x2)k(x1x2x3)+1x1
h4i;
x1! ((x2x3)+1x2)(x2x3)x2x1
x3! x1x3
x4! x3x2(x1x3x2)−−1((x3x1x3)+1x2)k−x1x3x2
((x2x1x3)+1x2)(x2x1x3)x2x1
h4i;
x1! ((x2x3)+1x2)(x2x3)x2x1
x3! x1x3
x4! x4x3(x2x1x3)x2((x2x1x3)+1x2)k−−1x1x3x2
((x2x1x3)+1x2)(x2x1x3)x2x1
h33i;
x1! ((x2x3)+1x2)k(x2x3)x2x1
x3! x1x3
x4! x3x2((x2x1x3)+1x2)k(x2x1x3)x2x1
h4i;
x1! ((x2x3)+1x2)k+1x1
x3! x1x3
x4! x4x3(x2x1x3)x2((x2x1x3)+1x2)kx1
h33i;
x1! ((x2x3)+1x2)k+1x3x1
x2! x1x2
x4! (x1x2x3)x1x2((x1x2x3)+1x1x2)kx3x1
x1! x1
x2! x1 :
h18i;
where ; ; ;  are natural parameters.
Proof. Eq. 41 can be divided into collection of equations:
( j) 41 with @(((x2x3)+1x2)(x2x3)6@(x1)<@(((x2x3)+1x2)(x2x3)x2); 6k;
6+ 1.
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(jj) 41 with @(((x2x3)+1x2)(x2x3)x2)6@(x1)<@(((x2x3)+1x2)(x2x3)+1); 6k;
6.
(jjj) 41 with @(((x2x3)+1x2)k+16@(x1)<@(((x2x3)+1x2)k+1x3).
(jjjj) 41 with @(((x2x3)+1x2)k+1x36@(x1)<@(((x2x3)+1x2)k+1x3x2.
The equation (j) can be reduced by the transformation
x1! ((x2x3)+1x2)(x2x3)x1
x2! x1x2
to the equation E1:
x1x2x3x4 = x2(x3x1x2)+1−((x1x2x3)+1x1x2)k−x3x1x2
((x1x2x3)+1x1x2)(x1x2x3)x1
The equation E1 with + 1> can be reduced by the transformation
x4! x2(x3x1x2)−((x1x2x3)+1x1x2)k−x3x1x2
((x1x2x3)+1x1x2)(x1x2x3)x1
to the equation x1x2x3 = x2x3x1, that is to Eq. 4.
The equation E1 with + 1= ; k> can be reduced by the transformation
x4! x4(x1x2x3)x1x2((x1x2x3)+1x1x2)k−−1x3x1x2
((x1x2x3)+1x1x2)(x1x2x3)x1
to the equation F1:
x1x2x3x4 = x2x1x2x3
The equation F1 by Proposition 1 can be reduced by the transformation(
x1! x1
x2! x1
to the equation x3x4 = x1x3, that is to Eq. 16.
The equation E1 with + 1 = ; k =  can be reduced by the transformation
x4! x2((x1x2x3)+1x1x2)(x1x2x3)+1x1
to the equation x1x2x3 = x2x3x1, that is to Eq. 4.
The equation (jj) can be reduced by the transformation
x1! ((x2x3)+1x2)(x2x3)x2x1
x3! x1x3
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to the equation E2:
x2x1x3x4 = x3x2(x1x2x3)−((x2x1x3)+1x2)k−x1x3x2
((x2x1x3)+1x2)(x2x1x3)x2x1
with @(x3)>0.
The equation E2 with > can be reduced by the transformation
x4! x3x2(x1x3x2)−−1((x2x1x3)+1x2)k−x1x3x2
((x2x1x3)+1x2)(x2x1x3)x2x1
to the equation x2x1x3 = x3x2x1, that is to Eq. 4.
The equation E2 with  = ; k>, can be reduced by the transformation
x4! x4x3(x2x1x3)x2((x2x1x3)+1x2)k−−1x1x3x2
((x2x1x3)+1x2)(x2x1x3)x2x1
to the equation x2x1x3x4 = x3x22x1 with @(x3)>0, that is to the Eq. 33.
The equation E2 with = ; k = , can be reduced by the transformation
x4! x3x2((x2x1x3)+1x2)k(x2x1x3)x2x1
to the equation x2x1x3 = x3x2x1, that is to Eq. 4.
The equation (jjj) can be reduced by the transformation
x1! ((x2x3)+1x2)k+1
x3! x1x3
x4! x4x3(x2x1x3)x2((x2x1x3)+1x2)kx1
to the equation x2x1x3x4 = x3x22x1 with @(x3)>0, that is to Eq. 33.
The equation (jjjj) can be reduced by the transformation
x1! ((x2x3)+1x2)k+1x3x1
x2! x1x2
x4! (x1x2x3)x1x2((x1x2x3)+1x1x2)kx3x1
to the equation F4:
x1x2x3x4 = x2x1x2x3:
The equation F4 by Proposition 1 can be reduced by the transformation
x1! x1
x2! x1
to the equation x3x4 = x1x3, that is to Eq. 18.
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Proposition 42. The general solution of the equation
x1x2x3x4 = ((x2x3)+1x2)k+1x3x2x1; 42
where k;  are natural parameters; is described by the transformations
8<
:
x2! 1
x3! 1
x4! 1;
x1! (((x2x3)+1x2)k+1x3x2)x1
h42i;
where  is a natural parameter.
Proof. Directly follows from Propositions 27 and 42.
Proposition 43. The general solution of the equation
x1x2x3x4 = x2((x2x3)+1x2)k+1x3x1 43
where k;  are natural parameters; is described by the transformations
x2! x1x2
x4! x4(x1x2x3)x1x2((x1x2x3)+1x1x2)kx3x1
x1! x1
x2! x1
h18i;
x1! x2x1
h42i;
where ;  are natural parameters.
Proof. It is evident.
Proposition 44. The general solution of the equation
x1x2x3x4 = x3x2((x2x3)+1x2)k+1x1 44
where k;  are natural parameters; is described by the transformations
x3! x1x3
x4! x4x3(x2x1x3)x2((x2x1x3)+1x2)kx1
h33i;
x1! x3x1
h43i:
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Proof. Eq. 44 can be divided into the collection of equations
(j) 44 with @(x3)>@(x1),
( jj) 44 with @(x3)6@(x1).
The equation (j) can be reduced by the transformation
x3! x1x3
x4! x4x3(x2x1x3)x2((x2x1x3)+1x2)kx1
to the equation x2x1x3x4 = x3x22x1 with @(x3)>0, that is to Eq. 33.
The equation (jj) can be reduced by the transformation
x1! x3x1
to Eq. 33.
Proposition 45. The general solution to the equation
x1x2x3x4 = (x3x1)x2 45
where  is a natural parameter; is described by the transformations
x3!1
h18i;
x1! (x1x3)x1
x3! x1x3
h44i;
where  is a natural parameter.
Proof. Eq. 45 can be divided into the collection of equations
(j) 45 with @(x3)= 0,
( jj) 45 with @(x3)>0.
The equation (j) can be reduced by the transformation
x3! 1
to the equation x2x4 = x+11 x2, that is to Eq. 18.
The equation (jj) can be reduced according to Proposition 27 by the transformation
x1! x3x1
x3! x1x3
to Eq. 44.
Proposition 46. The general solution of the equation
x1x2x3x4 = x3x+22 x1 46
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with @(x1)<@(x3x+22 ); @(x3)<@(x1x2) where  is a natural parameter; is described
by the transformations8<
:
x1! x3(x1x2)x1
x2! x1x2
x4! x4(x1x2)x1
x1! x1
x1! x1
h18i;8<
:
x1! x3(x1x2)+1x1
x2! x1x2
x4! (x2x1)+1
h4i;
x1! x1x3
x2! x3x2
h45i;
where ; ;  are natural parameters with 6.
Proof. Eq. 46 can be divided into the collection of equations
(j) 46 with @(x3)6@(x1),
( jj) 46 with @(x1)<@(x3).
The equation (j) can be reduced by the transformation
x1! x3x1
to the equation E1:
x1x2x3x4 = x+22 x1 with @(x1)<@(x
+2
2 ):
The equation E1 can be reduced by the transformation
x1! x2x1
x2! x1x2
where 6+ 1, to the equation E2:
x1x2x3x4 = x2(x1x2)+1−x3(x1x2)x1
The equation E2 with <+ 1 can be reduced by the transformation
x4! x4(x1x2)x1
to the equation E3:
x1x2x3x4 = x2(x1x2)+1−x3
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The equation E3 according to Proposition 1 can be reduced by the parametric trans-
formation(
x1! x1
x2! x1
to Eq. 18.
The equation E2 with = + 1 can be reduced by the transformation
x4! (x2x1)+1
to Eq. 4.
The equation (jj) can be reduced by the transformation
x3! x1x3
x2! x3x2
to Eq. 45.
Proposition 47. The general solution of the equation
x1x2x3x4 = x3x+22 x1 47
where  is a natural parameter; is described by the transformation(
x1!Fi(x1x2 ; x3x+22 )x1
x3!Fi(x3x+22 ; x1x2)jx3
where  is a variable whose values are sequences of natural parameters; followed by
one of the three transformations8<
:
x2! 1
x3! 1
x4! 1;8<
:
x1! 1
x2! 1
x4! 1;
h46i:
Proof. Directly follows from Propositions 28 and 46.
Proposition 48. The general solution of the equation
x1x2x3x4 = x+22 x3x1 48
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where  is a natural parameter; is described by the transformations
x1! x+32 x1
h47i;8<
:
x1! (x1x2)+2x1
x2! x1x2
x4! (x2x1)+2
h4i;8<
:
x1! (x1x2)x1
x2! x1x2
x4! x4(x1x2)x1(
x1! x1
x2! x1
h18i;
where ; ;  are natural parameters with 6+ 1.
Proof. Eq. 48 can be divided into the collection of equations
(j) 48 with @(x+32 )6@(x1);
( jj) 48 with @(x+22 )6@(x1)<@(x
+3
2 );
( jjj) 48 with @(x2)6@(x1)<@(x
+1
2 ) 6+ 1.
The equation (j) can be reduced by the transformation
x1! x+32 x1
to Eq. 47.
The equation (jj) can be reduced by the transformation
x1! x+22 x1
x2! x1x2
x4! (x2x1)+2
to the equation x1x2x3 = x2x3x1, that is to Eq. 4.
The equation (jjj) can be reduced by the transformation
x1! x2x1; 6+ 1
x2! x1x2
x4! x4(x1x2)x1
to the equation E: x1x2x3x4 = x2(x1x2)+2−x3.
446 G.S. Makanin, T.A. Makanina / Theoretical Computer Science 242 (2000) 403{475
The equation E can be reduced according to Proposition 1 by the parametric trans-
formation
x1! x1
x2! x1
to Eq. 18.
Proposition 49. The general solution of the equation
x1x2x3x4 = x3x+31 x3 with @(x3)<@(x1x2) 49
where  is a natural parameter; is described by the transformations
x1! x3x1
h45i;
x3! x1x3
x2! x3x2
h48i:
Proof. Eq. 49 can be divided into the collection of equations
49 with @(x3)6@(x1);
49 with @(x3)>@(x1):
Proposition 50. The general solution of the equation
x1x2x3x4 = x3x+31 x2 50
where  is a natural parameter; is described by the transformations
8<
:
x1! 1
x2! 1
x4! 1;
x3! (x1x2)x3
h49i;
where  is a natural parameter.
Proof. Eq. 50 can be divided into the collection of equations
50 with @(x1x2)= 0;
50 with @(x1x2)>0:
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Proposition 51. The general solution of the equation
x1x2x3x4 = x22x3x1 51
is described by the transformation
x2! x1x2 x1! x2x1 x1! x22x1
x4! x4x1 x2! x1x2 h49i
x1! x1 x4! x2x1
x2! x1 h4i;
h18i;
where ;  are natural parameters.
Proof. Eq. 51 can be divided into the collection of equations
51 with @(x1)<@(x2);
51 with @(x2)6@(x1)<@(x22);
51 with @(x22)6@(x1):
Proposition 52. The general solution of the equation
x1x2x3x4 = x3(x2x3)+1x1 with @(x1)<@(x3(x2x3)+1) 52
where  is a natural parameter; is described by the transformations
x1! (x3x2)x1
x3! x1x3
x4! (x3x2x1)−x3x1(x3x2x1)
h4i
x1! (x3x2)x3x1
x2! x1x2
x4! x2x3(x1x2x3)−−1x3x1(x2x3x1)
h4i
x1! x3(x2x3)x1
x2! x1x2
x4! x4(x2x3x1)
h42i
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x1! (x3x2)+1x1
x3! x1x3
x2! x3x2
x4! x4(x1x23x2)x1
h42i
x1! (x3x2)+1x1
x3! x1x2x3
x4! x3x2x1(x2x3x2x1)
h4i
Proof. Eq. 52 can be divided into the collection of equations
(j) 52 with @((x3x2))6@(x1)<@(x3(x2x3)); 6,
( jj) 52 with @(x3(x2x3))6@(x1)<@(x3x2)+1); 6,
( jjj) 52 with @((x3x2)+1)6@(x1)<@(x3(x2x3)+1).
The equation (j) can be reduced by the transformation
x1! (x3x2)x1
x3! x1x3
x4! (x3x2x1)−x3x1(x3x2x1)
to the equation x2x1x3 = x3x2x1 with @(x3)>0, that is to Eq. 4 with @(x3)>0.
The equation (jj) can be reduced by the transformation
x1! x3(x2x3)x1
x2! x1x2
to the equation E:
x1x2x3x4 = x2x3(x1x2x3)−x3x1(x2x3x1) with @(x2)>0:
If <, then the equation E can be reduced by the transformation
x4! x2x3(x1x2x3)−−1x3x1(x2x3x1)
to the equation x1x2x3 = x2x3x1 with @(x2)>0, that is to Eq. 4 with @(x2)>0. If = ,
then the equation E can be reduced by the transformation
x4! x4(x2x3x1)
to the equation x1x2x3x4 = x2x23x1 with @(x2)>0, that is to the Eq. 42 with @(x2)>0:
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The equation (jjj) can be reduced by the transformation
x1! (x3x2)+1x1
x3! x1x3
to the equation E1:
x2x1x3x4 = x3x1(x3x2x1)+1 with @(x3)>0:
The equation E1 can be divided by means of conditions @(x2)>@(x3) and @(x3)>@(x2).
The equation E1 with @(x2)>@(x3) can be reduced by the transformation
x2! x3x2
x4! x4(x1x23x2)x1
to the equation x2x1x3x4 = x1x23x2 with @(x3)>0 that is to Eq. 42.
The equation E1 with @(x3)>@(x2) can be reduced by the transformation
x3! x2x3
x4! x3x2x1(x2x3x2x1)
to the equation x1x2x3 = x3x1x2 that is to Eq. 4.
Proposition 53. The general solution of the equation
x1x2x3x4 = x3(x2x3)+1x1 53
where  is a natural parameter; is described by the transformations
8>><
>>:
x2! 1 x1! (x3(x2x3)+1)x1
x3! 1 h52i
x4! 1;
where  is a natural parameter.
Proof. Eq. 53 can be divided into a collection of equations by means of conditions
@(x2x3)= 0; @(x2x3)>0. Eq. 53 with @(x2x3)= 0 can be reduced by the rst transfor-
mation to the equation 1. Eq. 50 with @(x2x3)>0 by Proposition 27 can be reduced
by the transformation x1! (x3(x2x3)+1)x1, where  is a natural parameter to Eq. 52.
Proposition 54. The general solution of the equation
x1x2x3x4 = x2x+13 x1 with @(x2)<@(x1)<@(x2x
+3
3 ); 54
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where  is a natural parameter; is described by the transformations
x1! x2x+23 x1 x1! x2x3x1
x3! x1x3 x3! x1x3
x4! (x3x1)+2 x4! x4(x1x3)x1
h4i h53i
where  is a natural parameter with 6+ 2.
Proof. Eq. 54 can be reduced by the transformation
x1! x2x3x1 (6+ 2)
x3! x1x3
to the equation E:
x2x1x3x4 = x3(x1x3)+2−x2(x1x3)x1
The equation E can be divided into a collection of equations by means of conditions
= + 2, <+ 2.
The equation E with = +2 can be reduced by the transformation x4! (x3x1)+2
to the equation x2x1x3 = x3x2x1, that is to Eq. 4.
The equation E with <+2 can be reduced by the transformation x4! x4(x1x3)x1,
to Eq. 53.
Proposition 55. The general solution of the equation;
x1x2x3x4 = x2x+33 x1 55
where  is a natural parameter; is described by the transformation(
x1!Fi(x1 ; x2x+33 )x1
x2!Fi(x2x+33 ; x1)jx2
where  is a variable for sequences of natural parameters; followed by one of the
three transformations8<
:
x2! 1
x3! 1
x4! 1

x1! 1 h54i
x4!x+23
Proof. Directly follows from Propositions 28 and 54.
Proposition 56. The general solution of the equation
x1x2x3x4 = x3(x2x3)x1(x2x3)x2x5; 56
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where ;  are natural parameters; is described by the transformations
! 0 ! + 1
x4! (x3x2)x5 x4! x4(x2x3)x2x5
h4i h53i
where  is a natural parameter.
Proof. Eq. 56 can be divided into a collection of equations by means of the conditions
=0; = +1. Eq. 56 with =0 can be reduced by the transformation x4! (x3x2)x5
to the equation x1x2x3 = x3x1x2, that is to Eq. 4. Eq. 56 with = +1 can be reduced
by the transformation x4! x4(x2x3)x2x5 to the equation x1x2x3x4 = x3(x2x3)+1x1 that
is to Eq. 53.
8. Degenerate equations
Proposition 57. The general solution of the equation
x+11 x2P(x1; x2; 1; : : : ; r)x3 = x
+1
2 x1Q(x1; x2; 1; : : : ; r)x4; 57
where ; ; 1; : : : ; r are natural parameters; and P;Q are primitive parametric words;
is described by the transformations8><
>:
x1! x1
x2! x1
x3! xk1x4
8<
:
x1! x1
x2! x1
x4! x1x3
where ; ; k; ; ;  are natural parameters; with conditions on natural parameters.
Proof. Directly follows from Proposition 26.
Proposition 58. The general solution of the equation
x+11 x2P(x1; x2; 1; : : : ; r)x3 = x
+1
2 x4 58
where ; ; 1; : : : ; r are natural parameters; and P is a primitive parametric word; is
described by the transformations8><
>:
x1! x1
x2! x1
x3! xk1x4
8><
>:
x1! x1
x2! x1
x4! x1x3(
x1! x+12 x1
x4! x1(x+12 x1)x2Px3
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8>>><
>>>:
! 0
x1! x2x1
x2! (x2x1)x2
x4! (x1x2)+1Px38>>>>>><
>>>>>>:
! 0
! + 1
x1! ((x2x1)x2)+1x2x1
x2! (x2x1)x2
x4! x1x2Px38>>>>><
>>>>>:
! + 1
! + 1
x1! x2x1
x2! (x2x1)x2
x4! x1x2((x2x1)+1x2)x2x1(((x2x1)+1x2)+1x2x1)(x2x1)+1x2x3
where ; ; k; ; ; ; ; ;  are natural parameters with conditions.
Proof. Directly follows from Proposition 25.
Proposition 59. The general solution of the equation
P(x1; x2; 1; : : : ; r)x3 = x4 59
where ; ; 1; : : : ; r are natural parameters; and P is a primitive parametric word; is
described by the transformation
x4!P(x1; x2; 1; : : : ; r)x3:
Proof. It is evident.
Proposition 60. The parametric equation
P(x1; x2; 1; : : : ; r)x3 =Q(x1; x2; 1; : : : ; r)x4 60
where 1; : : : ; r are natural parameters; and P;Q are primitive parametric words; is
divided into the collection of equations of the form 57; 58; 24; 59.
Proof. By induction on height of the primitive parametric word PQ.
9. Equations and transformations
The proof of each proposition of this section can be regenerated identically by using
the structure of the transformations of the same proposition.
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Proposition 61. The general solution of the equation
x3x2x1x3P(x1; x2; x3; 1; : : : ; r)x4 = x1x2x1x3Q(x1; x2; x3; 1; : : : ; r)x5; 61
where ; 1; : : : ; r are natural parameters; and P;Q are primitive parametric words;
is described by the transformations
x3! x1x3
h22i
h60i;
x1! x3x1
h4i
h60i
Proposition 62. The general solution of the equation
x3x2x1x2x3P(x1; x2; x3; 1; : : : ; r)x4 = x21x2x3x2Q(x1; x2; x3; 1; : : : ; r)x5; 62
where ; 1; : : : ; r are natural parameters; and P;Q are parametric words; is described
by the transformations
x3 ! x1x3
h10i
h60i;
x1 ! x3x1
h61i
Proposition 63. The general solution of the equation
x3x2x1x3P(x1; x2; x3; 1; : : : ; r)x4 = x2x21x
2
3Q(x1; x2; x3; 1; : : : ; r)x5; 63
where 1; : : : ; r are natural parameters; and P;Q are primitive parametric words; is
described by the transformations
x2 ! x3x2 x3! 1
x3 ! x2x3 h60i
h62i;
where  is a natural parameter.
Proposition 64. The general solution of the equation
x3x2x1x3P(x1; x2; x3; 1; : : : ; r)x4 = x2x21x3x2Q(x1; x2; x3; 1; : : : ; r)x5; 64
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where 1; : : : ; r are natural parameters; and P;Q are primitive parametric words; is
described by the transformations
x2 ! x3x2 x3! 1
x3 ! x2x3 h60i
h62i;
where  is a natural parameter.
Proposition 65. The general solution of the equation
x3x2x1x2P(x1; x2; x3; 1; : : : ; r)x4 = x1(x2x1)+1x3x2Q(x1; x2; x3; 1; : : : ; r)x5; 65
where ; 1; : : : ; r are natural parameters; and P;Q are primitive parametric words;
is described by the transformations
x1 ! 1
x2 ! 1
h60i
and the transformation
x3! (x1(x2x1)+1)x3
followed by one of the ve transformations
x3 ! (x1x2)x3
x1 ! x3x1
h4i
h60i;
x3 ! (x1x2)+1x3
x1 ! x3x1
h61i;
x3 ! (x1x2)x1x3
x2 ! x3x2
h4i
h60i;
!  + 1
x3 ! (x1x2)+1x1x3
x2 ! x3x2
h64i;
! 0
x3 ! x1x3
x2 ! x3x2
where ; ; ;  are natural parameters with 6; <.
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Proposition 66. The general solution of the equation
x3x2x1x1P(x1; x2; x3; 1; : : : ; r)x4 = (x2x1)+1x1x3x2Q(x1; x2; x3; 1; : : : ; r)x5; 66
where ; 1; : : : ; r are natural parameters; and P;Q are primitive parametric words;
is described by the transformations
x1 ! 1
x2 ! 1
h60i
and the transformation
x3! ((x2x1)+1x1)x3
followed by one of the ve transformations
x3! (x2x1)x3
x2! x3x2
h4i
h60i;
x3! (x2x1)x3
x2! x3x2
h22i
h60i;
x3! (x2x1)+1x3
x1! x3x1
h4i
h60i;
x3! (x2x1)x2x3
x1! x3x1
h4i
h60i;
x3! (x2x1)x2x3
x1! x3x1
h61i;
where ; ;  are natural parameters with <; <.
Proposition 67. The general solution of the equation
x3x2x1x3P(x1; x2; x3; 1; : : : ; r)x4 = (x2x1)+1x1x3x2Q(x1; x2; x3; 1; : : : ; r)x5; 67
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where ; 1; : : : ; r are natural parameters; and P;Q are primitive parametric words;
is described by the transformations
x1 ! 1
x2 ! 1
h60i
and the transformation
x3! ((x2x1)+1x1)x3
followed by one of the ve transformations
x3 ! (x2x1)x3
x2 ! x3x2
h4i
h60i;
! 0
x2 ! x3x2
h63i;
!  + 1
x3 ! (x2x1)+1x3
x2 ! x3x2
h64i;
x3 ! (x2x1)+1x3
x1 ! x3x1
h4i
h60i;
x3 ! (x2x1)x2x3
x1 ! x3x1
h4i
h60i;
x3 ! (x2x1)x2x3
x1 ! x3x1
h61i;
where ; ;  are natural parameters with <.
Proposition 68. The general solution of the equation
x3x2x1x3P(x1; x2; x3; 1; : : : ; r)x4 = ((x1x2)+1x1)+1x2x1x3Q(x1; x2; x3; 1; : : : ; r)x5;
68
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where ; 1; : : : ; r are natural parameters; and P;Q are primitive parametric words;
is described by the transformations
x1 ! 1
x2 ! 1
h60i
and the transformation
x3! (((x1x2)+1x1)+1x2x1)x3
followed by one of the eight transformations
x3 ! ((x1x2)+1x1)(x1x2)x3
x1 ! x3x1
h4i
h60i;
x3 ! ((x1x2)+1x1)(x1x2)+1x3
x1 ! x3x1
h65i;
x3 ! ((x1x2)+1x1)(x1x2)+1x3
x1 ! x3x1
h4i
h60i;
x3 ! ((x1x2)+1x1)(x1x2)x1x3
x2 ! x3x2
h4i
h60i;
x3 ! ((x1x2)+1x1)(x1x2)x1x3
h22i
h60i;
x3 ! ((x1x2)+1x1)(x1x2)x1x3
h4i
h60i;
x3 ! ((x1x2)+1x1)+1x3
x2 ! x3x2
h22i
h60i;
x3! ((x1x2)+1x1)+1x2x3
x1! x3x1
h61i;
where ; ; ; ; ;  are natural parameters with 6; 6;  < ;  < .
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Proposition 69. The general solution of the equation
x3x2x1x3P(x1; x2; x3; 1; : : : ; r)x4 = x+11 x2x1x3Q(x1; x2; x3; 1; : : : ; r)x5; 69
where ; 1; : : : ; r are natural parameters; and P;Q are primitive parametric words;
is described by the transformations
x1! 1
x2! 1
h60i
and the transformation
x3! (x+11 x2x1)x3
followed by one of the three transformations
x3! x1x3
x1! x3x1
h65i
x3! x1x3
x1! x3x1
h4i
h60i;
x3! x+11 x3
x2! x3x2
h22i
h60i;
where ;  are natural parameters with <.
Proposition 70. The general solution of the equation
x3x2x1x2x3P(x1; x2; x3; 1; : : : ; r)x4 = x+12 x1x2x3Q(x1; x2; x3; 1; : : : ; r)x5; 70
where ; 1; : : : ; r are natural parameters; and P;Q are primitive parametric words;
is described by the transformations
x1! 1
x2! 1
h60i
! 0
h21i
h60i;
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and the transformation
!  + 1
x3! (x+22 x1x2)x3
followed by one of the three transformations
x3! x2x3
x2! x3x2
h1i
h60i;
x3! x+12 x3
x2! x3x2
h4i
h60i;
x3! x+22 x3
x1! x3x1
h23i
h60i;
where ; ;  are natural parameters with 6.
Proposition 71. The general solution of the equation
x3x2x1x3P(x1; x2; x3; 1; : : : ; r)x4 = x22x1x3Q(x1; x2; x3; 1; : : : ; r)x5; 71
where 1; : : : ; r are natural parameters; and P;Q are primitive parametric words; is
described by the transformations
x2! x3x2
h1i
h60i;
x3! x2x3
h21i
h60i:
Proposition 72. The general solution of the equation
x3x2x1x2P(x1; x2; x3; 1; : : : ; r)x4 = (x2x1)+2x2x3Q(x1; x2; x3; 1; : : : ; r)x5; 72
where ; 1; : : : ; r are natural parameters; and P;Q are primitive parametric words;
is described by the transformation
x1! 1
x2! 1
h60i
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and the transformation
x3! ((x2x1)+2x2)x3
followed by one of the four transformations
x3! (x2x1)x3
x2! x3x2
h4i
h60i;
x3! (x2x1)+2
x2! x3x2
h1i
h60i;
x3! (x2x1)x2x3
x1! x3x1
h4i
h60i;
x3! (x2x1)+1x2x3
x3! x3x1
h9i
h60i;
where ; ;  are natural parameters with 6+ 1; 6.
Proposition 73. The general solution of the equation
x3x2x3x1x2P(x1; x2; x3; 1; : : : ; r)x4 = x1x22x3x1Q(x1; x2; x3; 1; : : : ; r)x5; 73
where 1; : : : ; r are natural parameters; and P;Q are primitive parametric words; is
described by the transformations
x1! x3x1
h11i
h60i;
x3! x1x3
h71i:
Proposition 74. The general solution of the equation
x3x1x3x2x1P(x1; x2; x3; 1; : : : ; r)x4 = x2(x2x1)+1x3Q(x1; x2; x3; 1; : : : ; r)x5; 74
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where ; 1; : : : ; r are natural parameters; and P;Q are primitive parametric words;
is described by the transformations
x2! x3x2
h73i;
x3! x2x3
!  + 1
h68i;
x3! x2x3
! 0
h61i;
where  is a natural parameter.
Proposition 75. The general solution of the equation
x3x2x1x2P(x1; x2; x3; 1; : : : ; r)x4 = x1x2(x2x1)+1x2x3Q(x1; x2; x3; 1; : : : ; r)x5; 75
where ; 1; : : : ; r are natural parameters; and P;Q are primitive parametric words;
is described by the transformations
x1! x3x1
h9i;
h60i;
x3! x1x3
x2! x3x2
h1i
h60i;
x3! x1x3
x3! x2x3
h72i:
Proposition 76. The general solution of the equation
x23x2x1x2P(x1; x2; x3; 1; : : : ; r)x4 = x1x2(x2x1)
+1x2x3Q(x1; x2; x3; 1; : : : ; r)x5; 76
where ; 1; : : : ; r are natural parameters; P; Q are primitive parametric words; is
described by the transformations
x1! x3x1
h73i;
x3! x1x3
h74i:
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Proposition 77. The general solution of the equation
(x3x2)2x1P(x1; x2; x3; 1; : : : ; r)x4 = x2x1x3x2Q(x1; x2; x3; 1; : : : ; r)x5; 77
where 1; : : : ; r are natural parameters; and P;Q are primitive parametric words; is
described by the transformation
x2! x3x2
x3! x2x3
h75i;
where  is a natural parameter.
Proposition 78. The general solution of the equation
(x3x2)2x1P(x1; x2; x3; 1; : : : ; r)x4 = x2x21x3x2Q(x1; x2; x3; 1; : : : ; r)x5; 78
where 1; : : : ; r are natural parameters; and P;Q are primitive parametric words; is
described by the transformation
x2! x3x2
x3! x2x3
h76i;
where  is a natural parameter.
Proposition 79. The general solution of the equation
(x3x2)2x1P(x1; x2; x3; 1; : : : ; r)x4 = x2x21x
2
3x2Q(x1; x2; x3; 1; : : : ; r)x5; 79
where 1; : : : ; r are natural parameters; and P;Q are primitive parametric words; is
described by the transformation
x2! x3x2
x3! x2x3
h76i;
where  is a natural parameter.
Proposition 80. The general solution of the equation
x3x22x
2
1x3P(x1; x2; x3; 1; : : : ; r)x4 = (x2x1)
+1x1x3x2Q(x1; x2; x3; 1; : : : ; r)x5 80
where ; 1; : : : ; r are natural parameters and P;Q are primitive parametric words; is
described by the transformation
x3! (x2x1)x3
x2! x3x2
h77i;
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! + 1
x3! (x2x1)+1
x2! x3x2
h78i;
! 0
x2! x3x2
h79i;
x3! (x2x1)+1x3
x1! x3x1
h71i;
x3! (x2x1)x2x3
x1! x3x1
h71i;
x3! (x2x1)x2x3
x1! x3x1
h74i;
where ; ;  are natural parameters with <; <.
10. Auxiliary equations
The proof of each proposition of this section can be regenerated identically by using
the structure of the transformations of the same proposition.
Proposition 81. The general solution of the equation
x2(x3x1x2)+1−(x1x2x3)x1(x3x1x2)x3x4 = ((x1x2x3)x1)+1x3x1x2x5 81
where ; ; ;  are natural parameters; is described by the transformations
!  + 1
h4i
h60i;
!  + 1
h1i
h60i;
! 0
h69i;
where  is a natural parameter with <.
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Proposition 82. The general solution of the equation
x3x2(x1x3x2)−(x2x1x3)x2x1(x1x3x2)x1x3x4 = ((x2x1x3)x2x1)+1x1x3x2x5 82
where ; ; ;  are natural parameters; is described by the transformations
! 0
! 0
h80i;
! 0
! + 1
h67i;
! + 1
h4i
h60i;
!  + 1
!  + 1
h9i
h60i;
where ; ;  are natural parameters with < − 1.
Proposition 83. The general solution of the equation
x2(x3x1x2)+1−(x1x2x3)x1(x3x1x2)x3x4
= (((x1x2x3)x1(x3x1x2)x3)+1(x1x2x3)x1)+1x3x1x2x5 83
where ; ; ; ;  are natural parameters; is described by the transformations
!  + 1
h4i
h60i;
!  + 1
h1i
h60i;
! 0
! + 1
h61i;
! 0
! 0
h68i;
where ;  are natural parameters with <.
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Proposition 84. The general solution of the equation
x3x2(x1x3x2)−(x2x1x3)x2x1(x1x3x2)x1x3x4
= (((x2x1x3)x2x1(x1x3x2)x1x3)+1(x2x1x3)x2x1)+1x1x3x2x5 84
where ; ; ; ;  are natural parameters; is described by the transformations
! 0
! 0
h11i
h60i;
! 0
! + 1
h64i;
! + 1
h4i
h60i;
!  + 1
!  + 1
h9i
h60i;
where ; ;  are natural parameters with < − 1.
Proposition 85. The general solution of the equation
x2(x3x1x2)+1−(x1x2x3)x1(x3x1x2)x3x4 = (x1x2x3)x1(x3x1x2)++2 85
where ; ;  are natural parameters; is described by the transformations
!  + 1
h4i
h60i;
!  + 1
h1i
h60i;
! 0
h61i;
where  is a natural parameter with <.
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Proposition 86. The general solution of the equation
x3x2(x1x3x2)−(x2x1x3)x2x1(x1x3x2)x1x3x4 = (x2x1x3)x2x1(x1x3x2)++2 86
where ; ;  are natural parameters; is described by the transformations
! 0
! 0
h80i;
! 0
! + 1
h64i;
! + 1
h4i
h60i;
!  + 1
!  + 1
h9i
h60i;
where ; ;  are natural parameters with < − 1.
Proposition 87. The general solution of the equation
x2(x3x1x2)+1−(x1x2x3)x1(x3x1x2)x3x4
= ((x1x2x3)x1(x3x1x2)x3)+2x1x2(x3x1x2)+1 87
where ; ; ;  are natural parameters; is described by the transformations
! 0
! 0
h68i;
! 0
! + 1
h61i;
! + 1
h4i
h60i;
!  + 1
h1i
h60i;
where  is a natural parameter with <.
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Proposition 88. The general solution of the equation
x3x2(x1x3x2)−(x2x1x3)x2x1(x1x3x2)x1x3x4
= ((x2x1x3)x2x1(x1x3x2)x1x3)+2x2(x1x3x2)+1 88
where ; ; ;  are natural parameters; is described by the transformations
! 0
! 0
h80i;
! 0
! + 1
h64i;
! + 1
h4i
h60i;
!  + 1
!  + 1
h9i
h60i;
where ; ;  are natural parameters with < − 1.
Proposition 89. The general solution of the equation
x2x1(x3x2)+1x3x4 = x
+2
1 x3x2x5 89
where ;  are natural parameters; is described by the transformations
x1! x2x1
h1i
h60i;
x2! x1x2
h70i:
Proposition 90. The general solution of the equation
x2x1(x3x2)+1x3x4 = x1((x1(x3x2)+1x3)+1x1)+1x3x2x5 90
where ; ;  are natural parameters; is described by the transformations
x1! x2x1
h1i
h60i;
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x2! x1x2
h21i
h60i:
Proposition 91. The general solution of the equation
x2x1(x3x2)+1x3x4 = x21(x3x2)
++2 91
where ;  are natural parameters; is described by the transformations
x1! x2x1
h1i
h60i;
x2! x1x2
h21i
h60i:
Proposition 92. The general solution of the equation
x2x1(x3x2)+1x3x4 = x1(x1(x3x2)+1x3)+2x2 92
where ;  are natural parameters; is described by the transformations
x1! x2x1
h1i
h60i;
x2! x1x2
h21i
h60i:
Proposition 93. The general solution of the equation
x2(x3x2)x1(x3x2)x3x4 = x
+2
1 x3x2x5 93
where ; ;  are natural parameters; is described by the transformations
!  + 1
x1! (x2x3)x1
x2! x1x2
h81i;
!  + 1
x1! (x2x3)x2x1
x3! x1x3
h82i;
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!  + 1
x1! (x2x3)+1x2x1
h21i
h60i;
! 0
! + 1
h89i;
! 0
! 0
x4! x4x5
h48i;
where ; ; ;  are natural parameters with 6 + 1; 6.
Proposition 94. The general solution of the equation
x2(x3x2)x1(x3x2)x3x4 = x1((x1(x3x2)x3)+1x1)+1x3x2x5 94
where ; ; ;  are natural parameters; is described by the transformations
!  + 1
x1! (x2x3)x1
x2! x1x2
h83i;
!  + 1
x1! (x2x3)x2x1
x3! x1x3
h84i;
!  + 1
x1! (x2x3)+1x2x1
h21i
h60i;
! 0
! + 1
h90i;
! 0
! 0
x4! x4x5
h43i;
where ; ; ;  are natural parameters with 6 + 1; 6.
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Proposition 95. The general solution of the equation
x2(x3x2)x1(x3x2)x3x4 = x21(x3x2)
++1 95
where ;  are natural parameters; is described by the transformations
!  + 1
x1! (x2x3)x1
x2! x1x2
h85i;
!  + 1
x1! (x2x3)x2x1
x3! x1x3
h86i;
!  + 1
x1! (x2x3)+1x2x1
h21i
h60i;
! 0
! + 1
h91i;
! 0
! 0
h48i;
where ; ; ;  are natural parameters with 6 + 1; 6.
Proposition 96. The general solution of the equation
x2(x3x2)x1(x3x2)x3x4 = x1(x1(x3x2)x3)+2x2(x3x2) 96
where ; ;  are natural parameters; is described by the transformations
!  + 1
x1! (x2x3)x1
x2! x1x2
h87i;
!  + 1
x1! (x2x3)x2x1
x3! x1x3
h88i;
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!  + 1
x1! x2(x3x2)+1x1
h21i
h60i;
! 0
! + 1
h92i;
! 0
! 0
h43i;
where ; ; ;  are natural parameters with 6 + 1; 6.
11. Conclusive equations
Proposition 97. The general solution of the equation
x2(x3x2)x1(x3x2)x3x4 = x1(Fi(x1(x3x2)++1 ; x1(x3x2)x3)x1 )+ 1x3x2x5 97
where ; ;  are natural parameters;  is a variable for sequences of positive integer
variables; is described by the transformations
h93i;
h94i;
x4 ! x4(x1(x3x2)++1)x1(x3x2)x3Vt(x1(x3x2)++1;
x1(x3x2)x3)x1(Fi(x1(x3x2)++1; x1(x3x2)x3)x1)x3x2x5
h95i;
x4 ! x4x2(x3x2)x4Vt(x1(x3x2)++1;
x1(x3x2)x3)(Fi(x1(x3x2)++1; x1(x3x2)x3)x1)x3x2x5
h96i;
where  is a natural parameter; =  + 1; 1 for some variables for sequences of
positive integer variables 1.
Proof. Eq. (97) can be divided into collection of equations
(j) 97 with @()= 0,
(jj) 97 with @()= 1,
(jjj) 97 with @()= 2k + 2,
(jjjj) 97 with @()= 2k + 3.
The equation (j) is Eq. 93.
The equation (jj) is Eq. 94.
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The equation (jjj) according to Theorem Fi4 can be reduced by the transformation
x4 ! x4(x1(x3x2)++1)x1(x3x2)x3Vt(x1(x3x2)++1;
x1(x3x2)x3)x1(Fi(x1(x3x2)++1; x1(x3x2)x3)x1)x3x2x5
to Eq. 95
The equation (jjjj) according to Theorem Fi4 can be reduced by the transformation
x4 ! x4x2(x3x2)x4Vt(x1(x3x2)++1;
x1(x3x2)x3)(Fi(x1(x3x2)++1; x1(x3x2)x3)x1)x3x2x5
to Eq. 96.
Proposition 98. The general solution of the equation
x2(x3x2)x1(x3x2)x3x4 = x1(Fi(x1(x3x2)++1 ; x1(x3x2)x3)x1 )+ 1x3x2x5 98
where ; ;  are natural parameters; and  is a variable for sequences of natural
number variables; is described by the transformation h97i.
Proof. Every transformation of h97i is the parametric solution of the Eq. 98 evidently.
On the other hand, every coecient solution of the Eq. 98 according to Theorem Fi3
is a solution of Eq. 97.
Proposition 99. The general solution of the equation
x1x+12 x3x4 = x3x
+1
1 x2x5; 99
where ;  are natural parameters, is described by the transformations(
x1 ! Fi(x1x+12 ; x3)

x1
x3 ! Fi(x3; x1x+12 )
jx3
x3 ! x1x2x3
x2 ! x3x2
followed by one of the two transformations
! + 1 ! 0
h98i; h56i;
where  is a variable for sequences of natural parameters; and  is a natural para-
meter with 6.
Proof. Eq. 99 according to Proposition 28 is reduced by the transformation(
x1 ! Fi(x1x+12 ; x3)

x1
x3 ! Fi(x3; x1x+12 )
jx3
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where  is a variable for sequences of natural parameters, to the equation E1:
x1x+12 x3x4 = x3x1(Fi(x1x
+1
2 ; x3)

x1)x2x5
with @(x1)<@(x3)<@(x1x+12 ).
The equation E1 can be reduced by the transformation
x3! x1x3
to the equation E2:
x+12 x1x3x4 = x3x1(Fi(x1x
+1
2 ; x1x3)

x1)x2x5
with 0<@(x3)<@(x+12 ).
The equation E2 can be reduced by the transformation
x3! x2x3
x2! x3x2;
where  is a natural parameter with 6, to the equation E3:
x2(x3x2)−x1(x3x2)x3x4 = x1(Fi(x1(x3x2)+1; x1(x3x2)

x3)
x1)x3x2x5
The equation E3 can be divided into the collection of equations by means of the
conditions >0 and =0.
The equation E3 with >0 is Eq. 98. The equation E3 with =0 is Eq. 56.
Proposition 100. The general solution of the equation
x1x
+1
2 x3x4 = x3x2x5; 100
where  is a natural parameter; is described by the transformation
8<
:
x1! 1
x2! 1
x5! x4
and the transformation
x3! (x1x+12 )x3
followed by one of the three transformations
x1! x3x1
x5! x5x2x3x4
h3i;
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x3! x1x2x3
x2! x3x2
x5! x2(x3x2)−−1x1(x3x2)x3x4
h1i;
x3! x1x2x3
x2! x3x2
x5! x5(x2x3)x4
h29i;
where  is a natural parameter with <.
Proof. Eq. 100 can be divided into the collection of equations by means of the con-
ditions: @(x1x2)= 0 and @(x1x2)>0.
Eq. 100 with @(x1x2)= 0 can be reduced by the transformation8<
:
x1! 1
x2! 1
x5! x4
to the trivial equation.
Eq. 100 with @(x1x2)>0 according to Proposition 27 is reduced by the transformation
x3! (x1x+12 )x3;
where  is a natural parameter, to Eq. 100 with @(x3)<@(x1x
+1
2 ).
The last equation can be divided into the collection of equations
(j) 100 with @(x3)<@(x1),
(jj) 100 with @(x1)6@(x3)<@(x1x
+1
2 ).
The equation ( j) can be reduced by the transformation
x1! x3x1
x5! x5x2x3x4
to the equation x1x2 = x2x5, that is to the Eq. 3.
The equation (jj) can be reduced by the transformation
x3! x1x2x3
x2! x3x2
where  is a natural parameter with 6, to the equation E:
x2(x3x2)−x1(x3x2)x3x4 = x3x2x5
The equation E can be divided into the collection of equations by means of the condi-
tions: > and = . The equation E with > can be reduced by the transformation
x5! x2(x3x2)−−1x1(x3x2)x3x4
to the equation x2x3 = x3x2, that is to Eq. (1).
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The equation E with =  can be reduced by the transformation
x5! x5(x2x3)x4
to Eq. 29.
Proposition 101. The general solution of the equation
x1x2x3x4 = x3x

1x2x5; 101
where ;  are natural parameters; is described by the transformations
! + 1
! + 1
h99i;
! + 1
! 0
h100i;
! 0
! + 1
x4! x1x2x5
h1i;
! 0
! 0
h8i;
where ;  are natural parameters.
Proof. Eq. 101 can be divided into the collection of equations by means of the list of
the conditions: >0; >0; >0; =0; =0; >0; =0; =0.
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